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Dynamics of a dissociating gas 
Part 2. Quasi-equilibrium transfer theory 


By M. J. LIGHTHILL 


Department of Mathematics, University of Manchester* 


(Received 26 October 1959) 
1. Introduction 

The introduction to Part 1 (Lighthill 1957) proposed a paper in three parts, in 
the nature of a broad introductory discussion of the dynamics of a pure dis- 
sociating gas, which might act as a source of ideas for later, more comprehensive 
investig«tions. Part 1 treated ‘equilibrium flow’, Part 2 was to treat transport 
properties under ‘quasi-equilibrium’ conditions, and Part 3 flows in which large 
departures from equilibrium occur. When Part 1 was submitted for publication, 
mucn of Part 2 had already been written. At this moment, however, the author 
svddenly became obliged to abandon the project for two years, in order that his 
contributions to two collective works, Laminar Boundary Layers and Incom- 
pressible Aerodynamics, could be produced in time to avoid serious delay in the 
appearance of the contributions of other authors. 

In the meantime, the publication of many valuable papers has reduced the need 
for a study of the kind described above. In particular, material closely along the 
lines intended by the author for Part 3 has been expounded in papers by Freeman 
and Clarke (as well as in some parts of other papers, referred to in the next 
paragraph). Freeman (1958) treats the flow outside the boundary layer and 
Clarke (1958) that inside a boundary layer, in the case of large departures from 
equilibrium, both using the ‘ideal dissociating gas’ introduced by Lighthill 
(1957), together with assumptions on rates of dissociation and recombination 
compatible with the ‘ideal dissociating gas’ approximation. As a result, the 
author considers that a separate Part 3 is no longer necessary, and concludes the 
series with the present Part 2 on the quasi-equilibrium theory of the transport 
properties—including, however, some occasional remarks on flows with larger 
departures from equilibrium. 

It might well be argued that the existence of many recent and older papers on 
boundary layers in dissociating gases (such as Moore 1952; Beckwith 1953; 
Lees 1956; Kuo 1957; Fay & Riddell 1958) makes equally unnecessary the 
appearance of much of Part 2. However, on comparing those papers with the 
material already written, the author felt that Part 2 would be worth completing 
and publishing, as including a more elementary account of this material, or, at 
least, one which might help certain classes of reader to greater understanding of 
the physical mechanisms involved. An additional feature of Part 2, which has 
been less widely treated in the literature, is the theory of radiative heat transfer 
to the surface of a projectile travelling at very high speeds. This subject also is 
discussed with the emphasis entirely on fundamentals. 

* Now Director, Royal Aircraft Establishment, Farnborough, Hampshire. 
1] Fluid Mech. 8 
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The author has elsewhere published a more ‘popular’ account of the subject of 
this paper (Lighthill 1959), with some additional material. 


2. Requirements for quasi-equilibrium 


The quasi-equilibrium theory of the gaseous transport properties, both diffu- 
sive (like viscosity, heat conduction and the interdiffusion of constituents) and 
radiative, assumes that, although the distribution of molecular velocities and 
other phase-space co-ordinates has departed from the isotropic, Maxwell-Boltz- 
mann form, sufficiently to produce net transport, the deviations are small enough 
for their squares to be neglected. Thus, restriction (ii) of Part 1, § 3.1 is removed, 
but restriction (i) is not. 

The diffusive transport properties in a pure dissociating gas, that is, a binary 
mixture of molecules and free atoms, will be considered first. The theory of 
transport in a binary mixture of monatomic gases is well developed (see, for 
example, Chapman & Cowling 1952). The extension to a system where non- 
translational energy is present requires more care than is sometimes realized. The 
treatment in $$ 3-7 follows the general lines of the author's treatment (Lighthill 
1956) of the analogous problem in a pure gas. A feature special to the present 
problem is that, since the internal energy includes an important contribution 
(4Dn4 in Part 1, equation (19)) due to the energy difference between two free 
atoms and a molecule, the interdiffusion of molecules and free atoms is one of the 
most important mechanisms of heat transfer. 

The condition for departures of all quantities from their equilibrium values to 
remain small is most likely to be violated by x, the proportion by mass of free 
atoms in the mixture. Thus, diffusion of free atoms from a region of higher 
temperature (and therefore higher «) to one of lower temperature must soon 
force « far above its local equilibrium value in the latter region, unless recom- 
bination can occur fast enough to keep the difference small. Note that it is only if 
such recombination (with the resulting release of energy) occurs that the 
mechanism of heat transfer by interdiffusion described in the last paragraph can 
affect the translational temperature. 

In the quasi-equilibrium theory of radiative transfer, emission and absorption 
of radiation by the gas are estimated on the assumption that its molecules have 
their equilibrium energy distribution. We do not, however, assume that emission 
and absorption balance one another. This more complete equilibrium (‘radiative 
equilibrium’) occurs in enormous masses of homogeneous gas, or in gas enclosed 
in an isothermal oven, but is not reached even approximately in the small layer of 
incandescent gas around a projectile. Therefore, the radiative transfer to its 
surface is far less than ‘black-body radiation’ at the temperature of the sur- 
rounding gas. It can be estimated only from details of how molecules absorb or 
emit radiation; here, this is exhibited simply for the case of a pure dissociating 
gas, with O, as an illustrative example. 


3. The basic equations of quasi-equilibrium flow 


In quasi-equilibrium hydrodynamics, as in equilibrium hydrodynamics, we 
have basically only five equations, expressing conservation of mass, three 
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momentum components, and energy. In suffix notation (where the suffixes i and j 
may take any of the values 1, 2 and 3, and each term in which a suffix occurs 
twice stands for the sum of the realizations of that term obtained by giving the 
suffix all three of its possible values), these equations are 


cp. 6 iain 1) 
— ~—(p y= ; 

ct ts Cx; iii ( 

C(pv;) oe 
Bt By, (OM + Pus) = 0, (2) 

ofp(u+4v2)} a _ ; 
iP —- My ~— {pu,;(u+ 4vz) + p30; +9,;} = Q, (3) 
ct Cx; 


where p is the density, v; the velocity component in the 2, direction, p;; the com- 
pressive-stress tensor, wu the specific internal energy, q; the heat-flow vector, and Q 
the heat input rate per unit volume, due to the difference between the rates of 
absorption and emission of radiation. Certain linear combinations of these equa- 
tions are also useful, notably 


C2 Ov, Cp 
p(si+vj—!) +24 =0 (4) 
t CX; Cx; 
cu Cu) ev; 04; z 
ct CX; CX; CX; 


In a mixture it must be emphasized that the fluid velocity ~; is defined so that 
pv; is the momentum per unit volume (else (1) would not hold); thus, v; is the 
mean velocity of all the molecules and free atoms weighted according to their 
respective masses; for this reason Chapman & Cowling (1952) call it the ‘mass 
velocity’. Also, p;; is the flow of the z,;-component of momentum in the z,-direc- 
tion per unit area, wis the energy per unit mass, and q; is the flow of energy in the 
z,-direction per unit area, provided that in each case ‘momentum’ and ‘energy’ 
signify their values in a frame of reference in which the local momentum density 
is zero—that is, in a frame moving with fluid velocity v;. In the original frame of 
reference the momentum flow is pv;v; + p;;, the energy per unit mass u + 4v7, and 
the energy flow pv,(u+ 4v7) + p,;¥;+4,;, a8 was already implied in equations (2) 
and (3). 

Since there are only five independent equations, and p, u and »v; are five un- 
knowns, the equations are soluble only if one has expressions for the compressive- 
stress or momentum-transport tensor p;;, and the heat-flow or energy-transport 
vector q;, in terms of p, wu and v, and their derivatives. These expressions have to be 
inferred from the kinetic theory of gases. The manner of their inference (see 
Chapman & Cowling 1952; Hirschfelder, Curtiss & Bird 1954) is sufficiently well 
known in general, except perhaps for one point: there has been confusion about 
the mean p,, = }p,; of the diagonal elements of the stress tensor, and whether this 
should bear the same relation to p and w as it does in exact equilibrium (when p,, 
is simply the pressure). The true situation (discussed at length, for example, in 
Lighthill 1956; see also Appendix B and p. 503 of the books just cited) is that this 
is so for monatomic gases, but that for others changes in the specific internal 
energy u lag behind changes in the translational part of it (which can be written 

11-2 
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3p,,/2p). Fortunately this effect, although crucial in the theory of acoustic 
attenuation, is of little importance in the theories of frictional drag and heat 
transfer, in which transport takes place through a ‘boundary layer’ where 
diagonal terms in p,; make a much smaller contribution to the equations of motion 
than off-diagonal terms. 


4. Momentum transport in a dissociating gas 

The momentum flow p,;; depends only on the translational motion of the 
molecules and atoms, and may therefore be expected to be the same as for 
a mixture of monatomic gases with the same molecular weights. For this, the 
kinetic theory gives 








Cv; Ov; Cy 
N i E 2 ky 2 
d; ).. 0.,—- Hi —+- )+3y- B.. (6 
/ ¢ Pin tu) / es Cx. 3/ Cx, tj ) 
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where 6;; is | when 7 = j and 0 otherwise. 
me +50,000k 
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Figure 1. Potential energy of two oxygen atoms as a function 
of the distance between their nuclei. 


Here, is the viscosity of the mixture, which is a function of the translational 
temperature and of a, the concentration of free atoms. Formulas exist, for 
example, equation (12.5.1) of Chapman & Cowling 1952, relating to the vis- 
cosities of the pure constituents. If the latter differ only slightly, the formula 
cited shows that the viscosity of the mixture must be close to those of the 
separate consituents. 

Now, although no actual measurements of the viscosity of both A and A, for 
any element A are known to the author, it is unlikely that they differ much. While 
the higher molecular weight of A, tends to make its viscosity greater by a factor 
2, its larger collision cross-section works the other way, reducing the viscosity 
by the cross-section ratio, a factor probably not greatly different from ./2. Note 
that the cross-section for collision of two A atoms is not rendered large by their 
strong chemical attraction for one another. The potential energy of attraction as 
a function of the internuclear distance r takes a form like that illustrated in 


ficure 1 for oxvgen. For 7, < r < r, the potential energy is negative, and very 
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large compared with the typical molecular translational energy k7'. Most colli- 
sions therefore take the form illustrated in figure 2 and do not differ much from 
collisions of hard spheres of diameter r,. Any increase of cross-section above the 
resulting value 7r3, due to the longer-range van der Waals forces, could be 
represented by a Sutherland-type factor 1+ 8/7 and would be small at high 
temperatures (when, indeed, the cross-section will fall somewhat below mr} as 
the ‘effective’ sphere becomes softer). Since r, is about 2-8 A and the collision 
diameter of O, is 3-4 A this points to a ratio of the order of ,/2 in the cross-sections.* 


relative to the other is shown, the position of the latter being taken at the centre of the 
circles, which have the radii 7, and r, defined in figure 1. 


FicurRE 2. Typical collision between two oxygen atoms. Only the motion of one nucleus 


Hence, in the absence of better information, it is reasonable to obtain pv by 
simply extrapolating the measured viscosity of A, to the high temperatures with 
which we are concerned. By their theoretical work and comparisons with experi- 
ment for the ‘(13,7)’ molecular model, Hirschfelder, Bird & Spotz (1948, 1949) 
have established that it is reasonable to assume y oc Ti at high temperatures in 
making this extrapolation. 

The difference between p,, and the equilibrium pressure p associated with the 
local values of p and wu will be touched on in §7 but not elaborately treated, as the 
difference is unimportant in boundary-layer theory. 


5. Energy transport in a dissociating gas 

The heat-flow vector q; takes a complicated form, because, in addition to the 
direct transfer of translational energy of molecules and atoms, and rotational and 
vibrational energy of molecules, down the temperature gradient (that is, the 
heat-conduction term), there are also terms due to the interdiffusion of molecules 
and atoms, as follows: 

(i) Each free atom may be regarded as carrying internal energy 3D, in addition 
to its translational energy (Part 1, § 2.3). 

(ii) Each molecule, on the other hand, carries some rotational and vibrational 
energy, on the average 3kT' for the ‘ideal dissociating gas’ of Part 1. 

* Similarly, arguments for the cross-section for collision of A and A, to be about 80°) 
of that for A, and A, are given by Lees (1956). 
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(iii) There is also what may be called the ‘diffusion thermo-effect’ although 
this expression is normally used (Chapman & Cowling 1952, p. 404) to include 
only a small part of the effect. Most of it is due to the fact that the average 
translational energy is the same for both molecules and atoms. Hence, at uniform 
temperature (or more generally, if the heat-conduction term, proportional to 
temperature gradient, is removed), one would expect no translational-energy 
transfer in a frame of reference in which the unweighted average velocity of all 
particles is zero. The fact that we are, instead, interested in energy transfer in 
a frame of reference in which the average momentum is zero leads to a term in q; 
equal to 3kT times the number of particles per unit volume, times the relative 
velocity of these two frames. An additional term (the diffusion thermo-effect 
in the sense of Chapman, which depends closely on the law of force between 
the molecules) is present (see (8) below) but is only about 10° of the former 
term. 

Conversely, the rate of interdiffusion depends (i) on the concentration gradient, 
(ii) on the pressure gradient, (iii) on the temperature gradient, although the last 
effect (thermal diffusion) is small. Hence ten terms in all are present in the heat- 
flow vector q;—the conduction term, and all combinations of the three kinds of 
diffusion with the three kinds of heat flow which result from diffusion. They are 
calculated as follows. 

Let the momentum per unit volume of the molecules and atoms, respectively, 
in the frame of reference (moving with velocity v;) in which the total momentum 
density is zero, be M; and — M;. Then equation (8.4.7) of Chapman & Cowling 
1952, rewritten in our notation, becomes 
0a », clog p,, Clog T| 


| ¢ + 4a(1 —a?)—— +a(l—a)ap— , 
\ex; i“ Cx; ox, | 


M, pDy,» 


— 
ot | 
— 


where D),, is the mutual diffusion coefficient for the atoms and molecules, 7’ is the 
translational temperature, and a, the ‘thermal diffusion factor’ (called in 
Chapman & Cowling, 1952, p.399). The heat-flow vector includes the terms 
described in the first paragraph of this section, namely, 

—— oF iM, , Pe. gkT  3kT + maa Saal (1+a)) (8) 

Ox, | 2m 2m 2m 

where A is the thermal conductivity of the binary mixture. The last term in curly 
brackets represents the diffusion thermo-effect, and has the form given because 
the unweighted sum of the velocities of the molecules and free atoms (all measured 
relative to v;) is M,/2m —M,/m = —M,/2m per unit volume. Substitution of (7) in 
(8) yields the stated ten terms, whose further simplification is postponed to §7. 


6. Values of diffusivity ratios 

Relations between the viscosity “, the conductivity A and the diffusivity D,, 
for a binary mixture have been much discussed, usually in terms of the ratios 
between the ‘diffusivity of momentum’ v= j/p, the ‘diffusivity of heat’ 
x = A/pcf (where cf is the specific heat at constant pressure of the mixture, when 
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supposed of fixed composition—in other words, without any change of « with 7’), 
and D,,. Their ratios are called Prandtl number, Schmidt number and Lewis 
number, which respectively are 

vp uel, v lt 


S= = L= —-= 


ee Dy» o _ pel, Dy» 
K A ' Dy» pDy»’ K S A ; 


y 


7 (9) 
The variation of Prandtl] number is small, from about 0-71 when a = 0 (diatomic 
gas) to about 0-67 when « = 1 (monatomic gas). Intermediate values occur for 
intermediate «, as the following ‘Eucken-type’ argument indicates for the ideal 
dissociating gas. Kinetic theory shows that the diffusivity of translational energy 
is about 2-5 v (such energy being much better correlated with speed of diffusion in 
a given direction than is a momentum component in a direction at right angles). 
One expects the diffusivity of rotational and vibrational energy, on the other 
hand, to be intermediate between v and D,, = 1-41, the coefficient of self-diffusion 
of molecules through one another; this is because (Lighthill 1956, p. 259) such 
energies ‘persist’ for more collisions than does a momentum component, but for 
less than does the identity of a molecule. With the value of 1-25y for this diffu- 
sivity, we get 
2) (apy + (1-25) — (gn 


2m 2m 


A = (2-50)! (10) 


where 3k is the addition, per unit temperature rise, either to the translational 
energy per particle, or to the combined rotational and vibrational energy per 
molecule, while p(1 — a)/2m is the number-density of molecules and p(1 + «)/2m 
that of all particles. Since, by Part 1, equations (14) and (20), 


ie a («+2)| le aes 11 
” ler" | 2 aconstant 2m‘ hath ( 
A , 2d(1+a)4+1-25(1- 
we deduce that K =—, = 3v me a J (12) 

Pe ~ 4+ 


whence o = v/k varies monotonically from 0-71 when « = 0 to 0-67 when = 1. 

It is sometimes suggested that Schmidt number and Lewis number also remain 
closely constant, and a value S = 0-5 (corresponding to Z = 1-4), as proposed by 
Lees (1956) from arguments for small a only, and supported for small « by the 
detailed expressions of Chapman & Cowling (1952), and by experimental results, 
has been used. Fay & Riddell (1958), for example, adopt the hypothesis of 
constant L in their boundary-layer calculations; admittedly, they had to assume 
something, and chose three values (1, 1-4 and 2) for the constant to see how 
dependent on L the results were; the experimental observations of Rose & Stark 
(1958) show best agreement with the calculations for L = 1-4, although the 
others too lie within the experimental scatter. 

On the other hand, theory indicates that S can vary almost by a factor of 2. 
This is because in a binary mixture the product pD,, is closely a function of 
temperature alone, independent of composition. (This result is exact to the ‘first 
approximation’ of Chapman & Cowling 1952, from which the higher approxima- 
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tions differ only slightly.) Hence, if « also is almost independent of composition, 


then S F ak? je 
l+a p(l+a)D,. 2m(pD,.) ; 

also is, indicating that S is closely proportional to (1+) at a given temperature, 
and therefore rises from its value around 0-5 for x = 0 to a value around 1-0 for 
a = 1. (Compare the observed value S = 0-9 for a mixture of N, and CO, when 
the concentration of the lighter gas approaches 1.) In this case, L = o/S varies 
closely like (1+)~1, from around 1-4 for « = 0 to around 0-7 for a = 1. 

To sum up, L and S do not remain nearly so constant as a, although, from 
a qualitative point of view, the important conclusion is that all the diffusivity 
ratios remain of order 1. 


7. Quasi-equilibrium theory of convective heat transfer 

In the quasi-equilibrium theory, equations (7) and (8) are simplified by re- 
placing a, p,, and 7’ by their equilibrium values. In the light of the discussion of 
diffusivity ratios, we can estimate the accuracy of this approximation as follows. 


m 


It is a which is most likely to lag behind its equilibrium value «,, for given 
density p and translational temperature 7’, so causing wu and p,, also to lag. (By 
contrast, the translational and rotational energies adjust in a few collisions, and 


m 


we have excluded consideration of variable excitation of vibrational energy.) 
Now, the equation describing small departures of « from ~,,, is 


(14) 


eq 
4. 
’ 


Cx C4 4-4 eM, 
p| a, T v; 7 aes 
ct 


Ox. T Cx, 


where 7 is a ‘relaxation time’ (see, for example, Lighthill 1956) for dissociation 
and recombination, and the right-hand side represents the effect of diffusion. 
Writing (14) as 
Cx Oa\ T Of CHa : 
& = Wqg— T= +U,5—] +- = pD,2\ =~ + p.a.t.t.) . (15) 
ct cx,) pcx; \ Ca 
where p.a.t.t. means “pressure and temperature terms’, we see that for x to 
remain close to ~,,, the relaxation time 7 must satisfy two conditions: 

(i) For the second term on the right of (15) to be small compared with «,,. 
7 must be small compared with the time in which ~,,, changes by a substantial 
fraction of itself along the path of a fluid particle. 

(ii) If dis the least distance in any direction in which « changes by a substantial 
fraction of itself, then, for the third term on the right of (15) to be small, 7 must be 
small compared with 67/D,,. 

In a boundary layer, for example, 5 would be the thickness and 6?/D,, a typical 
time of diffusion across the layer. Since all diffusivities are of the same order of 
magnitude (§ 6), the thickness d must adjust itself so that this time is of the same 
order as a typical convection time, so that conditions (i) and (ii) are in this case 
substantially identical, and equivalent to that already imposed in Part 1, § 3:1. 
that 7 be small compared with the typical time-scale for flow past the body. We 
continue to make this assumption throughout Part 2. 
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In particular, the equilibrium relationships between p, u, a, p,, and T are freely 
used to simplify (7) and (8). Because those equations describe already ‘small’ 
effects of deviations from equilibrium, this procedure involves an error of the 
order of the squares of those deviations. One could not similarly replace p,, by its 
equilibrium value in (6), where it appears as the zero-order term. However, as has 
already been pointed out, the term in (6) due to the departure of p,, from equili- 
brium 7s negligibly small in a boundary layer, and so the difficulty of estimating it 
need not worry us here. 

Now it follows from Part 1, equations (13) and (14), that in any change between 
states of equilibrium 


da + 4a(1—«*)dlog p— ta(1 — 2?) (cpt) dog? = 0. (16) 


Accordingly, the concentration-gradient and pressure-gradient terms can both 
be eliminated from (7), giving 


2a, \ clog T’ 
M, = pD,.}a(1— : — > 17 
ge apt? ee Cx; sal 
whence by (8) 
(,  Diypka(1—a*) / D 2am \?) oT . 
gq.-=-=-— = + + 1S 
. ‘aed 4m id arr } ox; eles 


Equation (18) gives a check that, as required by the second law of thermo- 
dynamics, no heat flow occurs on the quasi-equilibrium theory when the tem- 
perature is uniform. It allows us to describe the heat transfer by means of 
a ‘total thermal conductivity’ A,,,, equal to the contents of the curly brackets. 
The result of §6, that the Lewis number L = pk(4+ a) D,./2mA is of order 1, 
indicates that, when D/kT is large and « is not very close to 0 or 1, Ajo_ is much 
greater than A; in other words, interdiffusion is responsible for the bulk of the heat 
transfer. Note also that the term involving Chapman’s ‘thermal diffusion factor’ 
&%p, Which (Grew & Ibbs 1952) is less than 0-2 for constituents with mass-ratio 2, is 
quite negligible compared with the large term D/kT’. 

It is important that the great increase which dissociation produces in the 
effective thermal conductivity, that is, in the rate of heat transfer down a given 
temperature gradient, is accompanied by a similar increase in specific heat, in 
such a way that the rate of heat transfer down a given enthalpy gradient (which is 
what matters in boundary-layer theory) is little altered. The ‘total’ specific heat 
at constant pressure includes a term additional to (11), due to the variation of 
with 7 as specified in (16), and is 


ka(l—a? 2 
c = ch+ ( an. (19) 
Pp 4m kT 
The effective Prandtl number 
uC 
Trot = 7 =» (20) 
“tot 


which compares A,,,/¢,, (the rate of heat transfer down a given enthalpy gradient) 


with y, is therefore 


c 
p 


. puch, + w(k/4m) a(1 — x?) (D/kT +1)? (21) 
Prot ~ A+ Diy p(k/4m) a(1 — x2) (D/kT +1)? ‘ 
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if the negligibly small thermal-diffusion term in (18) be neglected. Clearly, (21) 
lies always between ycf/A =o = 0-7 and y/D,,p = S, which in turn varies 
between 0-5 and 1. Accordingly, the effective Prandtl number o;,,, lies always 
between these latter limits, and hence is not greatly changed by dissociation; 
whence, the structure of the quasi-equilibrium boundary layer, which depends 
on the relation of heat transfer to enthalpy gradient, not temperature gradient, is 
also not much changed. 


8. Radiative equilibrium 
We pass now to transport by radiation in a dissociating gas. It is likely that 
most aerodynamic readers will be helped by a brief summary of the general theory 
of radiative transfer, beginning with the concept of radiative equilibrium. 
Photons of frequency between v and v+dv can be in equilibrium in volume 
V with matter at temperature 7 if their total energy is 
a V dp 
= . ae he Fj hv = Ve,dy, (22) 
where the first factor on the left is the total number of states of such photons in 
volume V, the second is the Maxwell—Boltzmann factor as modified (Bose— 
Einstein) to allow for the indistinguishability of the particles,* and the third is 
the energy per photon. The total energy integrated over all frequencies is aV 7", 


where : 
877°k:4 


a ace a 
L5c3h3 


7:67 x 10-} ergs/em?/(°K)4 (23) 
is the Stefan—Boltzmann constant. When the matter with which the radiation is 
in equilibrium is a perfect gas filling the volume J’, the term aV7* must be re- 
garded thermodynamically as a contribution to the internal energy U of the gas; 
but even for gas at 10,000 °K and as low a density as 10-6 g/em', it is less than 
2 cal/g (while uw > 5000 cal/g for O, or N, under these conditions), and so it could 
reasonably be neglected in the discussion of equilibrium thermodynamics in 
Part 1, §2. On the other hand, the high velocity c of photons means that the 
associated rate of heat transfer across unit area, namely 


lacT* = 5:7 x 10-°T4 ergs/em?/sec, (24) 


can be extremely large (for example, 57 kW/cm? when 7 = 10,000 °K). 

The equilibrium just described, if it exists, is maintained by a balance between 
the absorption of photons by molecules (which are raised by such absorption to 
states of higher rotational, vibrational or electronic energy, or to dissociated or 
ionized states), and the emission of photons in the processes inverse to these 
(including processes which involve recombination). The balance between absorp- 


* This modification makes little difference below, where we are concerned principally 
with values of hy kT for which e’”*? > 1, Then practically no two photons are in the same 
state, and so their indistinguishability is irrelevant, like that of the molecules in the 
statistical mechanics of a perfect gas. 


+ Not of translational, because of the very high energy-momentum ratio (= c) of 
photons. 
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tion and emission when the equilibrium number of photons is present can be 


expressed by the equation 
(ca,) Ve,dv = VE, dp, (25) 


where cz, is the proportion of photons with frequency between v and v + dy which 
are absorbed by the gas per unit time (so that ~, is the proportion of the energy in 
a light beam of this frequency which is absorbed per unit distance) and V E,dyv is 
the energy emitted in volume V per unit time in the form of such photons. 

Clearly, equilibrium of the kind described is achieved (even approximately) 
only if the gas is in an approximately uniform state throughout a region with 
linear dimensions > 1/z,, so that almost all the energy reaching a point has been 
emitted at points where the gas is in nearly the same state. Now, for every gas 
there are important frequency ranges in which 1/z, is comparable with 1 km 
(though in other ranges it may be a small fraction of 1 mm). Hence, there can be 
no question of assuming radiative equilibrium in projectile problems. 


9. Quasi-equilibrium radiation theory 

We may, however, adopt a quasi-equilibrium theory, as in the earlier sections, 
in which the atoms and molecules of the gas are assumed to be very nearly in 
equilibrium among themselves. Then the absorption coefficient ~, (which depends 
only on the state of the atoms and molecules) must be the same as when equili- 
brium with radiation is also present, and so must the emission rate Z,. In par- 
ticular, the relation between them, 

Smhps 
EE = ca,¢,= aur 1) a, (26) 
(see (22) and (25)), must still be satisfied. 

On the other hand, the local density of radiation energy, say f,, may be totally 
different from e, because much of the radiation reaching a point comes from where 
the gas is in a quite different state. In consequence, the absorption rate, 
A, = ca, f, per unit volume per unit time, will differ from the emission rate E,: 
their difference, integrated over all frequencies, is 


. 


0 | 


de ( 


x * or 

@,dv=| (A,-E£,)d, (27) 
) J0 
the ‘heat input rate’ (per unit volume) of equation (3). 

This local energy density f, may be calculated by geometrical optics if the 
spatial distribution of gas density and temperature (and hence of £,) be known, 
provided that photons move almost in a straight line between emission and 
absorption, that is, provided that scattering can be neglected. Rayleigh scat- 
tering is in fact quite negligible over distances of the order of 1m, and Raman 
scattering (in which a photon is scattered as a photon of different frequency) by 
any atomic process occurs at a much lower rate than does absorption by the same 
process (because absorption is a first-order perturbation of the steady state, and 
Raman scattering is a second-order perturbation), so that it can be neglected over 
lengths in which only moderate absorption occurs. Refraction by inequalities of 
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density, again, leaves the light rays with a radius of curvature of at least 3000 
times the distance in which the density changes by 1 mg/cm? (for all common 
gases except H,, for which the factor is about 600), and deflexions due to this are 
negligible in the gas flow about a projectile; as an extreme case of high density 
gradient, a shock wave can reflect glancing rays as in a mirage, but it reflects only 
those few which make an angle less than 1-5 (Ap)! degrees with it, where Ap is the 
density change across the shock in mg/cm’. Accordingly, simple geometrical 
optics will be used in what follows. 
Then f,p, the energy density at a point P, may be written as 





U(r, QQ) e-T, 2) 72 dr dQ, (28) 


where E(r, Q) signifies the emission rate at a distance r from P along a thin cone 
(identified by the symbol Q) which subtends solid angle dQ at its apex P, and the 
integral represents the intensity (or energy flux) cf,, by summing the effect of 
emission from all points of space,* after attenuation by the spherical factor 
1/47r? and by an exponential factor e~’’ due to absorption all along the said cone. 
Here, mn 
7,({r,Q)= | afr, O}dr, (29) 
20 
which is usually described as the ‘optical depth’ (for frequency v) of the light 
path. 
By (26) and (28) we may write the heat input rate Q, per unit frequency band 
(see (27)) at Pas 


Op = ¢%,p(f.p— ep) 








‘in ? x 
CH at dQ) | e(r, Q)a,(r, Q)en™ 0 dy—e,p| (30) 
477. 0 J0 } 
or, changing one of the variables of integration from r to 7,. as 
] “in ‘gs 
Qp = Cue (a ; dQ) e,e-Twdr, —« p} (31) 


a simple expression which in particular makes it obvious that Q,, vanishes (as 
thermodynamics requires) when the temperature (and therefore also e,, which 
is a function of temperature and frequency alone) is uniform. 

From (31), the heat input rate Q (see (3) and (27)), which represents the sole 
effect of radiation on the hydrodynamical equations, can be estimated. The 
solution of those equations would then give the heat-flow vector q;, and par- 
ticularly its component normal to the surface of the body. This represents heat 
transfer to the surface (which from a practical point of view is perhaps the most 
important thing to predict) by direct collision of gas molecules with the surface. 
The total heat transfer to the surface, however, will include another term, the 
direct radiative transfer, which therefore is considered next. 


* On how to treat the parts of space not occupied by the gas, see $ 10. 
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10. Radiative properties of the body surface 

If P is a point on the body surface, then the integral in (28) (the undirected 
intensity at P) can be made to represent the flow of radiation into the surface if 
the integrand is multiplied by cos@. Here, @ is the angle that the ray-cone 
specified by 2 makes with the outward normal to the surface, and indeed one 
could write Q = (6,A), where dQ = sin@d@dA and (r,@,A) are spherical polar 
co-ordinates centred on P. 

Hence, the rate of radiative transfer into the surface, say q, per unit area of 
surface per unit frequency band, is 


] 7 “2 ce fiz Pac 
q, = cosAdQ | B,e-™dr = -— cosAdQ | e,e-dr,,. (32) 
4a) ‘ 47 Jy iP | 


where we have again applied the transformation leading to (31). This g, represents 
heat transferred to the surface when the latter is perfectly absorbent, that is, 
when it scatters or reflects radiation of frequency v to a negligible extent. Since in 
the integral one may take e, = e,p for > 47, because on each ray pointing into the 
surface the optical depth 7, becomes effectively infinite before the temperature 
has changed significantly, we may write 








ce [27 “hr — 

q, = da | cos@sinOdd | (e,—e,p)e-™ dr,,. (33) 
47 Jy J0 J0 
“27 +h — 

or else g, = da | cos 7 sin 6 dé e, eT dr, — ice, p, (34) 
47, 0 ~ 0 Pu 





forms which are both useful. 

If, however, a surface scatters, or specularly reflects, a fraction 1—e, of the 
energy of frequency v which is incident upon it, then the first term in (34) must be 
reduced by the factor e, to give the rate of energy absorption. The second term, 
representing energy emitted from the surface, which is subtracted to give the net 
rate of heat transfer, must also be multiplied by ¢,, on the thermodynamic 
argument that g, must still vanish in the particular case when the gas outside the 
surface is all at the same temperature as the surface (so that e, = €,p). Accordingly, 
the factor ¢,, by which expressions (33) and (34) for g, must both be multiplied if 
they are to apply for a general surface, is usually called the ‘emissivity’ of the 
surface (for frequency 1). 

We note also the modifications to (31) due to the presence of a solid surface. 
For a perfectly absorbent surface, which the ray-cone Q meets at a point S, one 
may takee, = e,,forall7, > 7,,, asin the arguments leading to (33). For a surface 
of reduced emissivity, however, this part 7, > 7,, of the integral, representing 
emission from the surface, must be multiplied by ¢,. In this case, there remains the 
problem of including the effect at P of the fraction (1 —e,) of energy, incident on 
each point of the surface, which is scattered or specularly reflected. 

If all the incident energy were specularly reflected, the problem could be 
treated by including virtual images inside the body as in geometrical optics. 
Then in (31), along each ray which enters the body, one would have to take the 
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distribution of e, with 7, which corresponds actually to the reflected ray. One 
would multiply the contribution so obtained by (1—e,), because at most the 
unabsorbed energy can be reflected, and add it to that discussed in the last 
paragraph, namely, ¢, times the contribution obtained by putting e, = e,,. for 
1; Tops 

This is probably a sufficiently good approximation also for the more realistic 
case when a proportion of the unabsorbed energy is scattered, since, with a diffuse 
source like the hot gas around a projectile, the effects of scattering and reflexion 
do not differ greatly. Accordingly, the complications of a more accurate scat- 
tering theory (which include variability of the proportions of scattered and 
reflected radiation with angle of incidence) are not worth introducing. 


11. Absorption spectra of pure diatomic gases 

We must now discuss the factors governing the dependence of the absorption 
coefficient x, on v, p and T' for any particular diatomic gas. We work with a, 
instead of £, (which by (26) is simply related to ~,) largely because experimental 
evidence is more reliable for «,, especially at the higher frequencies, for 
which ¢, (and hence also £,) is extremely small at experimentally convenient 
temperatures. 

Normally, for fixed v and 7’, ~, is directly proportional to the density p (Beer's 
law), implying that the absorption results solely from interactions between 
photons and isolated molecules or atoms. Interactions with such pairs of mole- 
cules as happen to be in collision at a particular instant causes slight frequency 
shifts (“pressure broadening ’), but the value of ~,, if taken smoothed over suitable 
frequency intervals to allow for this, is usually unaffected. Occasionally inter- 
actions of this sort make possible absorptions which are quite absent in a 
unimolecular process; in such a case x, becomes a quadratic function of p. 

When Beer’s law applies, a good approximation to a, (neglecting second-order 
perturbations of the steady state) is 


(35) 


where the sum is over all the molecules in unit volume, and also, for each molecule 
(which we suppose to have energy £,), over all those alternative states of the 
molecule whose energy £, satisfies the inequality noted. Here, M,, is the electric 
dipole moment of the transition from state 2 to state 1. This is defined in wave 
mechanics as the product of the wave functions of the two states, multiplied by 
the electric moment of the configuration of the electrons and the nuclei, and 
integrated with respect to all the co-ordinates of those particles. 

Now, for most pairs of states 1 and 2, /,, is zero. Transitions between two such 
states are described as ‘forbidden’. It should be emphasized that ‘forbidden 
transitions’ are not completely absent; they can be observed spectroscopically, 
but because they involve at least second-order perturbations of the steady state 


(or quadrupole instead of dipole radiation) they are too infrequent to be ener- 
getically important. 
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States 1 and 2 may differ as regards both the rotational and vibrational state 
of the molecule and its electronic configuration. For homonuclear molecules, Ag, 
transitions between states differing only with respect to rotation and vibration 
are all forbidden. This is because the product of the electronic wave functions for 
the two states is even with respect to reflexion in the centre of symmetry. 

Absorption therefore depends on a transition from a low electronic state 
(usually the lowest) to a higher one, although again the majority of such transi- 
tions are forbidden, owing to considerations regarding oddness or evenness of 
wave functions, or more complicated considerations concerned with changes in 
the dependence of the electronic wave functions on the angular variables. These 
latter considerations affect also what changes in the rotational state of the 
molecule as a whole are possible at a permitted transition, and the analysis of the 
rotational structure of the absorption bands is correspondingly complicated. If, 
however, one is willing to ignore this detailed line structure, one has the simple 
rule that in any permitted transition to a higher electronic state each of the 
rotational states of the unexcited molecule leads on the average to exactly one 
possible rotational state of the excited molecule (all other transitions being 
forbidden). This follows, for example, from Weizel (1931), equation (199). 

Transitions between particular vibrational states of the unexcited and excited 
molecules are never forbidden, but the values of MW? vary greatly for the 
different transitions. On the crude but valuable Born—Oppenheimer approxima- 
tion, in which the wave function of a complete state of the molecules is expressed 
as a vibrational wave function, say y,(7), multiplied by a function independent of 
the internuclear distance 7, we can write 


ba(r) Wo(r)dr = MP,,, (36) 


where J is the electric dipole moment of the electronic transition (obtained by 
carrying out the integration in J/,, with respect to all the variables except r) and 
the ‘overlap integral’ P,, lies between —1 and +1 because both y,, and y~,, 
satisfy the normalization condition 


y2(r) dr = 1. (37) 


Yr 


vw V 


Clearly, P,, must be very small if the regions where y,,(7) and y,.(7) are non- 
small (corresponding in classical mechanics to the intervals of oscillation) do not 
overlap. On the contrary, P,, is fairly large when peaks of y,,(r) and y,9(r) 
coincide. The largest peaks are near the extreme positions of the vibration (in the 
classical sense) and so transitions between states which have one of their extreme 
positions in common are particularly frequent (the Franck—Condon principle).* 

Often, it is useful to know that, for a fixed vibrational state Z,, the sum } Pi, 

hk, 
over all possible vibrational states E, of the molecule in its electronic state 2, is 


* Originally interpreted by saying that a vibrating system spends most of its time near 
its extreme positions, so that a transition at such a time (when the kinetic energy of the 
nuclei is small) is the most probable. 
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equal to unity. Similarly, for fixed £,, the sum > Py over all possible £, is unity. 
BE 
Mathematically, this follows from a theorem on orthogonal functions; and. 
. o 
physically, from the interpretation of P%, as a ‘transition probability’. 


12. Absorption by oxygen 


Oxygen illustrates well the principles set out in § 11, and has been particularly 
closely studied. The lowest stable electronic state is 3Z> (in the usual notation; 
see, for example, Gaydon 1953), and transitions to the next three stable states 
(‘A,, ‘2, and 3X) are forbidden. Absorption due to these transitions is very 
weak (although the extremely thick layer of oxygen separating us from the sun 
enables two of them to be observed, and Herzberg has observed the third by 
special means). The first permitted transition (Schumann—Runge) is to a state 
3Nw" 
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FiGuRE 3. Graphs of the potential energies V,(r) and V,(r), of (respectively) the lowest 
electronic state of O,, and the next excited state such that transitions to it are not ‘for- 
bidden’. Horizontal segments show the first five vibrational energy levels of each state. 


Figure 3 shows ‘potential energy curves’, that is, graphs of the energy V of the 
electronic and nuclear arrangement as a function of the internuclear distance r. 
for the lowest electronic state 2X7 of O, and for this higher state °£;. (The lower 
curve was already given in figure 1, but the zero of V was there taken as the value 
for r > ©, not as the minimum of the curve.) In each case the relative vibration 
of the nuclei is exactly equivalent to the vibration of a single particle of mass 4mm 
(the ‘reduced mass’) on such a potential curve. The five lowest vibrational 
states, both of the unexcited and of the excited molecule, are shown in the figure 
as horizontal segments each at the appropriate energy level, whose lengths 
indicate the intervals of 7 in which the corresponding wave function is non- 
small. 


Figure 3 shows that absorption from the lowest vibrational state (which is all 
the absorption that is significant at room temperature) leads to a state with 
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energy above the dissociation energy even of the excited molecule. Thus, it 
produces dissociation (such dissociation by a photon being called ‘photo-disso- 
ciation’), and the excess energy becomes translational energy of the products of 
dissociation, which consist of one atom in its lowest electronic state (that is, in 
one of the states of the triplet ?P) and one atom in the next highest electronic 
state 1D,. 

Since translational energy states are very thickly spaced indeed, a continuum 
spectrum is found, over a frequency region corresponding to the variation in the 
vertical distance between the two potential curves above the ‘horizontal seg- 
ment’ corresponding to the lowest vibrational state. In other words, hv lies 
between the values given by the lengths of the two vertical broken lines in figure 3. 
On a wavelength scale, this region lies between 1300 and 1750 A, and the absorp- 
tion coefficient therein is very great. Ladenburg, Voorhis & Boyce (1932) found 
that it reached (at N.T.P.) a maximum of 480cm~! at 1450 A, and in these 
experiments the theory that dissociation results from the absorption was con- 
firmed by the fact that the O, gradually disappeared, probably by direct com- 
bination of the free O atoms with the material of the tube walls. 

Stueckelberg (1932) obtained very satisfactory agreement with these experi- 
ments in a calculation using (35) and (36). To use (35), he gets a precisely defined 
spacing of the energy states in the ‘continuum’ region above the dissociation 
energy level by applying a boundary condition, say dy,/dr = 0, at r = R, where 

? is large. The number FR does not, however, appear in the answer, because the 
larger it is the smaller y,, must be in the integral (36) if equation (37), with upper 
limit replaced by R, is to be satisfied. This cancels out the increased number of 
states | in the sum (35). 

The wave function y,.,(7) is approximated as an Airy function, involving two 
constants which initially are unknown, namely, the values of V(r) and V}(r) at 
r =P,, the minimum of V,(r). The integral (36) is then easily evaluated for the 
lowest vibrational state, being to good approximation a Gaussian curve. 
Stueckelberg next selects Vi(7,,) and Vj(r,.) to make the frequency for maximum 
absorption and the spread of the curve of ~, against v agree with experiment, in 
which case the detailed shapes of the theoretical and experimental curves are 
also found to be in good agreement. 

The values of V;(r,.) and V}(r,.) so obtained were used to draw the upper part of 
the graph V,(r) in figure 3. The part below the dissociation energy level was taken 
as a ‘ Morse function’, with parameters determined from the moment of inertia of 
the molecule and the spectroscopically derived vibrational levels. The fact that 
a smooth interpolation between the two is possible is valuable support for 
Stueckelberg’s theory, as he points out. Finally, from the observed value, 
480 cm-!, of the maximum of «,, he infers the value of / for use in (36). After 
corrections in the Errata, this is 


M? = 6x 10-**gem'sec-?, M = 0-5 A x (electronic charge), (38) 


which Stueckelberg suggests is reasonable in view of the physical interpretation 
of M and the dimensions of the molecule, whose equilibrium internuclear distance 
r, is 1-2 A in the unexcited state and 1-6 A in the excited state. 

12 Fluid Mech. 8 
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13. Emission from a layer of oxygen 


The data of § 12, with the formulas of §§ 10 and 11, can be used to predict the 
radiative heat transfer to the surface of a high-speed projectile flying through 
oxygen, which has been chosen as our illustrative example. For air, similar con- 
siderations would need to be applied to the other main constituents of the layer 
of hot gas around the projectile, notably nitrogen, NO and, at the highest speeds, 
ions. 

For any frequency v we may calculate first 7,, which we use to signify expres- 
sion (34) for q,, with the last term (representing radiation from the surface) 
omitted, and with e~’ replaced by 1. This 4, is an upper bound for the rate of 
radiation absorption by the surface, being close to it if (i) the layer of hot gas is 
optically thin, so that 7, is negligibly small throughout it; (ii) the emissivity of the 
surface, by which (34) must be multiplied, is near 1; (iii) the surface is not so hot 
that it is radiating away much of the energy absorbed by it. Corrections to allow 
for (ii) or (iii) are of course straightforward, while we shall see that condition (i) is 
usually satisfied for the frequencies responsible for most of the radiation. 

We can write 


a} 


~ dA| cos sin 00 | e,a,dr, (39) 
J0 


v0 “0 


q, = 








47 


and if we approximate by taking the temperature 7' to be a function only of the 
distance z from the solid surface, we have z = r cos@ and e,«, a function only of 
zand v. Hence a 


Gg, =}c] e,a,dz, (40) 





2 0 
where 6 is the thickness of the layer, and so the total radiative transfer to the 
surface has the upper bound 

"00 we) 
q = | G, dv = | q(z) dz, (41) 
v9 7% 
hs) 


where G=i4c| e,a,dv (42) 





J0 
is the contribution in all frequencies per unit volume of gas.* 
Substituting for e, from (22) (where the 1 in the denominator may be ignored 
compared with e””*”), and for a, from (35) and (36), we obtain 
o74 V2 
yo Soma 


* 3c3 


yiP?, ohy/kT (43) 
the sum being over all molecules in their lowest electronic state in a unit volume 
(the vibrational energy of the molecule being £,), as well as over all vibrational 
levels E, of the upper electronic state, with L,— E, = hv. Now, the number of 


molecules per unit volume with vibrational energy F, is 


PUL 2) eur (y — ¢-TI7), (44) 
=m 


* The detailed optics of §§ 9 and 10 is unnecessary for obtaining (42), which simply 
states that the gas emits half its radiation towards the surface; but it is needed if more 
accurate estimates of heat transfer are to be attempted. 








as 


wh 
act 
15) 
in 

an 
(E 
po 
all 


Ir 





t the 
ough 

con- 
layer 
peds, 


pres- 
face) 
te of 
as is 
f the 
» hot 
llow 
(1) is 
(39) 


‘the 
y of 


(40) 


the 


41) 


42) 


red 


re 





Dynamics of a dissociating gas. Part 2 179 


where 7', is 2230 °K for oxygen (Part 1, §2.2). Hencethe sui. 3) can be replaced 


by 
324M p(1—a) ee E,-Ey\* yar 
es PE) 0) _ 9 TT) Fy P2,| —=#) —E yk 5 
f 3 2m oe )> E. Pi,( he , sii - 


where the summation is over all vibrational levels Z, and FE, of the excited and 
unexcited states. 

Now, the values of P?, are known (Fraser, Jarmain & Nicholls 1954) for the 
first four E, levels. For each one can obtain 
Ey — =} 


6 
he (a8) 


x(B,) = & Pia 

Ey \ 

as in table 1; to estimate the small contribution from E, levels beyond the 25th 

(for which Pj, is not available) one may use the theoretical result that § P3 = 1, 
Ey 

which incidentally shows that y(£,) is a kind of average value of (£,/he — E,/hc)*— 

actually, it is found in each case to be equal to the value of this expression with the 

15th-level value (21,000 cm-") of E,/he. It is reasonable to extrapolate the values 

in table 1 linearly right up to the 18th and last £, level, for which £,/he = 56,870 

and the extrapolated value of y(£,) is 16-0; for this still agrees with the value of 

(E,/he — E,/he)* for E,/he = 21,000, the E, level under the minimum of the upper 

potential curve, and is therefore probably a close enough approximation, especi- 
ally as 7 is not very sensitive to contributions from the higher £, levels. 


E,/he 49,360 


50,500 50,710 51,350 
xV(E,) 7:0 x 10" 7 


5 x 101” 8-0 x 10!” 8-5 x 1017 


TABLE 1 


With these values of y(,) it is possible to compute ¢ for any values of p and 7’. 
Across such thin layers of gas as are of interest to us, 7’ may vary substantially 
but the pressure p will be approximately constant. Accordingly we calculate the 
variation of 7 with 7 for fixed values of 


k is 
p= om Pe | +a). (47) 


In terms of p, (45) may be written 


l-a 
j= p— 48 
0=7; 5207), (48) 
: 3274 Mc a a 
where Q(T) = sk (l—e-7 YEE) (49) 


Table 2, which gives values of OT ) obtained by summing the series with the 
values of y(H,) noted above, shows how rapidly the emissive power of molecules 
increases with temperature. However, at the higher temperatures, a much smaller 
proportion of molecules is present, that is, the (1—«) factor multiplying Q/”) in 
(49) reduced. Table 3 shows how much more slowly @ itself varies with 7’, especially 


12-2 
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at the lower pressures. The increase of 7 with p more rapidly than in strict 
proportion is due to the rapid increase with p in the said proportion (1 —«) of 
undissociated molecules at these temperatures. 


2’ (IS) 3000 4000 5000 6000 
Q(T’) (e.g.s. units) 0-041 13 400 3600 
TABLE 2 

CK) 
p (atm) 3000 4000 5000 6000 
] 0-0037 0-32 0-67 70-72 
10 0-040 8 52 0 
100 0-41 110 1900 5300 


TABLE 3. Values of 7, the rate of radiative heat transfer to a surface from unit volume of 
gas near it, in the case when one neglects absorption by other gas en route, and 
reflexion scattering or re-emission by the surface. Units: W/cm‘. 


At the higher temperatures some addition is called for to the values of Q(T) and 
7 in the above tables, due to emission not from true excited O, molecules, in 
discrete vibrational states, but from those at energy levels F, above their disso- 
ciation energy. Such emission occurs when an excited O atom has an encounter 
with an unexcited one, and during the process recombines into an unexcited O, 
molecule, emitting the extra energy as a photon. It is the inverse of the ‘ photo- 
dissociation’ process discussed in § 12. 

To help in estimating how much additional radiation is produced by this 
recombination process, we may use the experimental values of a, at room 
temperature (Ladenburg et al. 1932), which refer to absorption by molecules in 
their lowest F, state, leading to dissociation ($12), to write down the total 
contribution at high temperatures to x, from such molecules as are still in their 
lowest /, state. Substitution in (42) then gives the contribution to 7 from such 
recombinations as result in an unexcited O, molecule in this lowest £, state. The 
contribution to Q(7’) turns out to be 11 at 7 = 5000°K and 175 at T = 6000 °K. 
A comparison with the values 400 and 3600, respectively. given in table 2, shows 
among other things that room-temperature values of «, can give a seriously 
misleading ideal of high-temperature values, because the higher vibrational 
states present at high temperatures may absorb far more efficiently—particularly 
at the lower frequencies, which are the important ones for the deduction of 
emission rates. E 

We may now infer an estimate of the total correction to Q(7'), due to transition 


from £, states above the dissociation energy, by supposing that significant 
contributions arise from approximately ten £, levels. It is reasonable to assume 
that these contributions remain fairly constant, since the increase with E, due to 
the expected increase in the relevant e—“:'*7 term in (45) is largely balanced by the 
decrease due to reduction in (£,—£,)*. [In estimating this part it is useful to 
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remember that ¥ P32 = 1, the sum being taken over all F, states, discrete and 
Ey 

continuous; this strictly limits the possible contribution to (45) from any given FE, 
state, and especially from the higher ones. Also, for Z, = 0, the value of E,/he for 
maximum contribution to Q(7’) is found to be 63,500, but at around the 9th-level 
value (13,200) of E,/he this value may be expected to decrease to 56,780 (the 
value for dissociation of the excited O, molecule).] Accordingly the values of @ in 
table 3 may need to be increased, to allow for recombinative emission, by about 
50% at T = 6000°K, 30% at 7 = 5000 °K and less still at the lower temperatures. 

However, the actual radiative heat transfer to the surface will be much less 
affected than this theoretical value 7, since absorption values are high in the 
relevant range of frequencies (of the order of 100 cm—' for densities of the order of 
10-3 g/em*), so that little of the radiation associated with recombination would 
actually reach the surface. By contrast, the radiation whose emission intensity is 
exhibited in the above tables is of considerably lower frequency (only just 
ultraviolet, with wavelength around 3500 A), and absorption values are ac- 
cordingly much lower for given emission values. 

7) 
Nevertheless, the upper bound g = | ¢dz to the radiative heat transfer to the 
J0 

surface will certainly not be reached for large thicknesses of gas at high pressure. 
The greatest heat transfer, which can result from gas at a given temperature 7’ 
radiating at given frequencies, is that proportion of the total ‘equilibrium’ 
heat transfer, }ac7, discussed in §8, which comes from those frequencies. At 
T = 6000°K the equilibrium heat transfer is 7400 W/cm?, and the Schumann-— 
tunge bands discussed above, even with some pressure broadening assisting their 
already substantial degree of overlapping, cannot be expected to fill more than 
about a seventh of the area of the curve of equilibrium heat transfer against 
frequency. Accordingly, 1000 W/cm? is about the maximum that will be found at 
this temperature; in particular, in the extreme case of table 3 (p = 100atm, 
q = 5300 W/cm), only 0-2 em of the layer would be effective, the rest being masked 
by absorption. However, much greater thicknesses of layer would contribute 
effectively at lower pressures. 
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On the tendency towards hexagonal cells 
in steady convection 


By ENOK PALM 


University of Oslo, Blindern, Norway 
(Received 24 October 1959) 


This paper attempts to explain theoretically the observed results that (1) the 
cells in steady convection approach a hexagonal form, and (2) the occurrence of 
ascent or descent in the middle of the cell depends on how the kinematical vis- 
cosity varies with temperature. The theory is based on non-linear equations and, 
of course, a variable coefficient of viscosity. 

It is found that, due to the variation of viscosity with temperature, the non- 
linear terms contain a second-order term which is destabilizing. This second- 
order term regulates the development and leads to a final motion composed of 
regular hexagons with ascent or descent in the middle of the cell according as the 
viscosity decreases or increases with temperature. 

The influence of a variable viscosity on Rayleigh’s result concerning the 
initiation of convection is obtained as a by-product. 


1. Introduction 

This paper is a theoretical study of convection set up when a fluid is heated 
uniformly from below or cooled from above. The first experimental investigations 
of this phenomenon were made by Thomson (1881) and Bénard (1900). Later on 
their experiments were repeated and extended several times. The experimental 
results may be summarized briefly as follows. 

(1) In order that convection should take place the (negative) temperature 
gradient must reach a critical value dependent on the depth and physical pro- 
perties of the fluid. 

(2) The convective motion tends towards a regular hexagonal pattern. 

(3) The size of the cells is fixed by the depth and physical properties of the fluid. 

The first and by far the most important contribution to the theory of convec- 
tion is given by Rayleigh (1916). He succeeded in explaining the first and third 
experimental result just mentioned though some quantitative disagreement 
between theory and experiments existed, essentially due to the simplified 
boundary conditions applied by Rayleigh. The theory did not, however, explain 
the reason why the pattern finally consists of hexagonal cells. Actually, from his 
theory squares and triangles, for example, are just as likely forms of the cells as 
hexagons. 

Rayleigh’s theory has been refined by later investigators, notably by Jeffreys 
(1930) and Pellew & Southwell (1940). More realistic boundary conditions have 
been applied and a satisfactory numerical agreement between theory and the 
first and third experimental results has been obtained. 
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Little or no progress has, however, been made concerning the final form of the 
cells. It seems obvious that the effects determining this form are lost by the 
linearization of the equations in the papers mentioned above. The first work, to 
the author’s knowledge, taking into account non-linear effects in this problem 
was published last year by Malkus & Veronis (1958). In this work the authors try 
to find the physically realized solution by examining the stability of the various 
solutions of the non-linear equations corresponding to stationary motion. How- 
ever, their way of proceeding is not free from objection. In order to find the 
stable solution they add to the basic motion a disturbance of a very special form. 
Their disturbance is not a solution of the perturbation equations, and it seems 
hard to understand how any conclusion at all can be obtained by their method. 

Experiments have revealed that the direction of circulation, i.e. ascent or 
descent in the middle of the cells, changes from fluid to fluid. Usually liquids and 
gases have opposite circulation, liquids having ascent and gases descent in the 
middle of the cell. 

To the author’s knowledge, no theoretical investigation on this phenomenon 
has been published. However, Graham (1933) has made the interesting suggestion 
that the different circulation may be a result of the fact that the kinematic 
viscosity varies with temperature in opposite manner in liquids and gases. This 
suggestion has not been followed up until the recent experiments performed by 
Tippelskirch (1956). Following an idea of Koschmieder he has investigated for 
different temperature-regions the direction of circulation in liquid sulphur. This 
substance has the peculiar property that the kinematic viscosity decreases or 
increases with temperature according as the temperature is less or greater than 
153°C. It was found that Graham's suggestion was confirmed, the motion being 
ascending in the middle of the cell in the first temperature region and descending 
in the other. 


2. The purpose of the present work 

The principal purpose of this paper is to explain why hexagonal cells are 
preferred in laminar convection. According to the above, the variation of 
viscosity with temperature is the major effect determining the direction of 
circulation. We are therefore led to base our study on the non-linear equations 
with a variable viscosity. 


3. Derivation of the differential equations 

The equations of motion in the class of problems under consideration may be 
simplified somewhat, as shown by Boussinesq (1903). Thus the dependence of 
density on pressure is unimportant, and even the variation with temperature 
may be disregarded except in so far as it modifies the operation of gravity. The 
equations of fluid motion and the continuity equation may then be written 


PoVit PoV. VV = —Vp+p,.(Xi+ Yj + Zk) —gp, (3.1) 


V.v=0. (3.2) 


Here x, y are horizontal co-ordinates, z is the vertical co-ordinate, measured 
positive upwards, i, j and k are the respective unit vectors and ¢ is the time. vis 
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the velocity with components wu, v, w; p is the density, p, the standard density, 
p the pressure and g the acceleration of gravity. Subscripts ¢, x, y, z indicate 
differentiation. Furthermore, 


X = vV*u + v(u, + Wz) + 2,4, + V,(V,+ Uy); 
Y = wv+y,(v, + U,) + vv, + (wy +¥,), 


Z= vV2w + vy (Wy + v,) + 2v,w,+),(u,+ w,), 


where v denotes the kinematic coefficient of viscosity. 
The two other equations employed by Boussinesq are the equation for conduc- 


tion of heat, 0, + 0,+w0,+Vv.VO = K(V20 +920), (3.3) 


and the equation of state in the form 

gp = gp l—a(O+4)). (3.4) 
Here © is the mean temperature, defined by integration over x and y, @ the 
departure from the mean temperature, « the thermal diffusivity, and « the coeffi- 
cient of expansion. 

If v is constant and the above equations are linearized, u, v, p and @ are easily 
eliminated and a sixth-order differential equation in w is obtained. It turns out to 
be convenient to base the present discussion on the corresponding equation. To 
derive this equation the z-component of (3.1) is differentiated with respect to 
x and z, the y-component of (3.1) with respect to y and z and the equations are 
added, applying (3-2). It is then found that 

\ , \ , ) 2 s hg 4 
Po — Cte + (Vv. Vu )rz + (Vv. Ve yz) =e Vi P+ po(X ze Ys); (3.5) 


where 


Elimination of p between the y-component of (3.1) and (3.5) and use of (3-4) 


lead to 
V2w, + Vi(v. Vw) —(v. Vu),,—(v.Ve),, = ViZ—X,,—Y,. + gaVi0. (3.6) 


Finally, elimination of 6 between (3.3) and (3.6) gives 


— V2wy + KVAw, — | 5 a KV? | (X..+ | —ViZ)—ga0, Viw 


c 


=— | 5 _ KV?) ((v.Vu),.+(V.Vv),.—Vi(v.Vw))+gaVz(v.V9). (3.7) 


It is seen that this equation contains beside w the four other unknown variables, 
u, v, 9 and ©. Four more equations are therefore needed. Two equations are 
found by combination of the x- and y-components of (3.1) with (3.2), which gives 


Vit + Wry — Xyy + Yiy = (V. Ve) py —(V.Vu)yy, (3.8) 


VEU + Wy — Vee + Xay = (V- VU) py —(V- Ve) z2- (3.9) 
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Equation (3.3) may be considered as a third equation. The fourth equation is 
obtained by averaging (3.3), which results in 


a9 
ce 


™ - >a) © = -v.V6, (3.10) 


with a bar denoting the mean value. 

The five equations (3.3, 3.7, 3.8, 3.9, 3.10) constitute, with proper boundary 
conditions, a complete set of equations for the five unknown variables, and are 
suitable for the present purpose. Apart from the terms resulting from the varia- 
tion of v these equations correspond to those applied by Malkus & Veronis (1959). 


4. The model 

Following Rayieigh (1916), we simplify the problem in considering a fluid of 
infinite lateral extent bounded vertically by two free boundaries, at z = 0 and 
z = h, say. The boundary conditions are then 

G=w=u, =v, = 0, (4.1) 
or, from (3.2), 
d=w=w,,=0 (4.2) 
for z = Oandz =h. 

In order to obtain a unique solution it is also necessary to know the flow of heat 
conveyed to the system. The investigations will be restricted to systems satis- 
fying the following two requirements: 

(1) The flow of heat is only slightly larger than the critical one corresponding 
to the onset of convection. 

(2) The change of the flow of heat is slow. 

Let us now return to (3.10). We divide © into two parts 

0 = 0,+0,, (4.3) 
where ©, is defined by 


@ - Ka) @, = 0. (4.4) 


According to the second requirement above the accumulation of sensible heat is 
small compared with the flux, and (4.4) reduces to 


x 005 

= =0, or oy = — fit), (4.5) 
where f(t) is positive and independent of the space co-ordinates. It is also con- 
venient to divide /(t) into two parts: 

B(t) = Bo + AB(C), (4.6) 
where /, denotes the negative temperature gradient corresponding to the onset of 
convection. Af(t) is positive and, owing to the first requirement above, relatively 
small. 

The form of the dependence of kinematic viscosity on temperature varies from 
fluid to fluid. The present investigations will be restricted to fluids for which 
vy may be approximated by 


v = Vyo+ycosu(O +4) (4.7) 
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in the actual temperature region. Here, vo, y, “ are constants and (y/v9)? is sup- 

posed small compared with unity. It is convenient to choose the scale of tem- 

perature so that © is zero for z = 0. It is then seen that in the actual temperature 

region y positive corresponds to v increasing with temperature and vice versa. 
Neglecting second-order terms in 0, we may write (4.7) as 


Vv = Vo t+ y cos upz+ yu sin upz, (4.8) 
v is a function of time through its dependence on f and 6. According to the above 
assumption concerning the flow of heat, however, # may be considered as a con- 
stant in this formula. Moreover, or h is supposed to be chosen so that 


up =A, (4.9) 


where A = m/h. Hence, finally, 


v= ryt yeoshz+ 5 Osin As (4.10) 


5. The onset of convection 

We will now investigate the influence of a variable viscosity on the conditions 
for initiation of convection. It suffices in this problem to consider only linearized 
equations. 

Inserting the expressions for X, Y, Z in (3.7) we obtain 


— V2wy + (K +r) VAw, + 2v, V2wy— v,(Viw,— w2) 
+«V2[ — Ve — 20, V2, + Yael VPw— w,.)] + gafyViw = 0. (6.1) 


Convection takes place when one of the solutions of (5.1) becomes unstable. At 
the transition from stable to unstable solutions (5.1) reduces to 


KV?[ — vV4w — 2v,V2w, + v,,(Viw — w,,)] + 9%Py Viw = 0. (5.2) 


A basic solution of this equation satisfying the boundary conditions has the 


form , K 
¥ Aj), 008 ka cos ly sin maz. (5.3) 


— 
m 


For small values of y/, 
Aymii Y 
— OC ; 
Ain, Vo 
and to obtain a first approximation it suffices only to take the first two terms 


into account. Equation (5.2) then leads to 


[kv, 03 — gaB,(k? + 1?)] Ay, + PyApy = 9, (5.4) 
where 
o = k?+/?+22, ) 
(5.5) 
F = xo[3(k2 +1? + 4A2)2 + 4A2(4A2 — k? — 1?) — 202(k? +P + 4A2)].J 
Correspondingly, from (5.2), 
MA,3.+ HyA,y, = 9, (5.6) 
where 
M = kvo(k? +1? + 4A?)3 — gap, (k? + 1*), ) (5.7) 
5. 
H = k(k2 412+ 422) [Jo2 + 22a + FA A2—- 2 —BP)].J 
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Consequently, 
FH 
M 


9 


-p +f 2 ase — FQ 
KV, 0? —gapy(k? + 1?) — y* =x, (5.8) 
fo, being defined as the temperature gradient corresponding to the onset of 
convection, is obtained by combining (5.8) with the equation obtained by differen- 
tiating (5.8) with respect to k?+/*. It is found after some computation that the 
Xayleigh number, Ra, is 


aye 
Ra = te mt 6-75 — 1-32 ). (5.9) 


The corresponding wave numbers are found to be given by 


aye 
k24+(]? = (0-5 —0-024 . Ad. (5.10) 
Vo 

For y = 0, (5.9) and (5.10) reduce to the results found by Rayleigh. It is seen 
that the effect of a variable v is to lower the critical temperature gradient and 
diminish the corresponding values of k*+/?. The magnitude of these effects is, 
however, small. 

The approximation involved in the derivation of these results amounts to 
neglecting A,,, compared with A,,,;, which implies that y?/v2 is small compared 
with unity. The ratio A,,,/A,,, is found to be —0-15y/v9, indicating that the 
series (5.6) converges rapidly even for moderate values of y/Vp. 


6. The tendency towares hexagonal cells 
Formulation of the problem 


We now proceed to consider the problem of determining the final form of the cells. 
According to the previous sections we know that when the temperature gradient 
has attained its critical value given by (5.9), a motion composed of waves of form 
(5.10) starts to grow. This motion is very complex and is mathematically de- 
scribed by a Fourier—Stieltjes integral. This phase of the motion lasts until the 
non-linear terms become appreciable. Observations reveal that from then on 
there is a marked tendency towards a cellular motion with cells approaching 
a hexagonal form. 

The most natural interpretation of this regulating effect of the non-linear terms 
seems to be that they act in such a way as to destabilize selected wave com- 
ponents. These waves will therefore dominate the further development. The 
other waves satisfying (5.10) will finally decay, being more or less to be considered 
as ‘noise’ superimposed on a motion which gradually becomes stable. It will be 
our aim to show that a non-linear instability of this kind really exists. 

The actual problem is characterized by lateral homogeneity and isotropy. The 
location and orientation of the cells therefore vary from experiment to experi- 
ment, dependent on the initial conditions. Here and below initial refers to the 


state of motion just before the non-linear terms become important. It seems 
reasonable to suppose that only the initial waves with the largest amplitudes 
decide the location and orientation of the cells. Therefore, and also to obtain 
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a tractable problem, we will consider the development of an initial motion 
consisting mainly of one single wave, 

Aj, cos (k’2’ + l’'y’) sin Az, (6.1 
or, more precisely, ¥ A}1,, 08 (k’a"’ + ly’) sin maz. (6.2) 


— ~ 
m 


The primes are here used for later convenience. (6.1) (or (6.2)) is not the total 
initial motion, which would have been an unrealistic assumption. In addition, 
the initial motion consists also of the other waves (5.10), though this part of the 
wave-spectrum has smaller amplitudes. 
By rotation of the frame of reference so that the new x-axis becomes parallel to 
the lines of constant phase, (6.1) takes the form, with appropriate notation, 
A 991 C08 2ly sin Az. (6.3) 
It is seen that the wave component 
A,,, cos kx cos ly sin Az (6.4) 
satisfies (5.10) if By+P=24F o P=. (6.5) 
It will now be demonstrated that this wave and the wave (6.3) are, due to the kind 
of instability mentioned above, preferred waves. Let us for example consider the 
term kV2X_,. in (3.7). This term yields a term of the form 
VA 141 Age; C08 kx cos ly sin Az, (6.6) 
which obviously destabilizes the wave (6.4), provided the sign of yA 2, has the 
proper value. This will, indeed, always be true since the sign of Ay, may be 
changed by displacing the frame of references half a wavelength along the y-axis. 
Consequently, the wave (6.4) will increase more rapidly than all other waves 
except (6.3). This instability will be closer investigated in the mathematical 
discussion that follows. 
The mathematical derivation 
As a conclusion of the reasoning above we are led to consider a motion with (6.3) 
and (6.4) as the dominant waves. According to the assumptions introduced these 
terms are themselves small, so that an iteration process may be used. The non- 
linear terms will give rise to waves with wave numbers 2k, 3k, ..., 2/, 3l, ..., 


2A, 3A, .... A solution of the system of non-linear equations satisfying the boun- 
dary conditions therefore is of the form 
w= ¥ A,,,,(t) cos tkx cos jly sin mdz, 
ijm 
u= ¥ B,;,,(t) sin ik cos jly cos maz, | (6.7) 
ijm 
v = ¥Y Cijm(t) cos ikax sin jly cos maz, 
um 


provided the series converge. When no misunderstanding is possible, the sub- 
scripts of the amplitudes will be neglected. 

Insertion of (6.7) in (3.7) leads to an infinite number of equations. According to 
the previous discussion we first study the equation corresponding toi =j =m = 1. 
In this case the linearized restoring term is small (proportional to Af) and nega- 
tive. Hence the non-linear terms contributing to the restoring term will be 
important. 
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The equation may be simplified somewhat. The term — (¢/ct) (X,,+Y,,—V}Z) 
is essentially a damping term and does not influence the restoring term at all. It 
consists of one linear part, vV4w,, and terms of higher order. These higher-order 
terms, being of no interest in the actual problem, will be neglected. Corre- 
spondingly, the damping term 
5 ((v.Vu),.+(V.Ve)y,—V3(v.Vw)} 
will be neglected, since it consists entirely of higher-order terms. 

In the restoring term, terms of higher order than the third will be cancelled. The 
non-linear part of the equation therefore will consist of products of type 
A y99Ay31, Ago2 Aqy3, Ayy2 Ap21, Az32 4021 and the corresponding products with 
B, C, D instead of A. The amplitudes B and C may be expressed in terms of A by 
(3.8) and (3.9). Neglecting higher-order terms these equations may be written 


C ih one f F - 
(=, 7 pV?) Viu + = a vv?) Wey = (*¥. Ve), = (v.Vu),,, (6-8) 
i _ yV2} Vivt+ - — pV?) Wey = (V. Vu), —(V. Vv), 2. (6.9) 


It turns out that the right-hand sides of these equations do not give any 
contributions to the wave components to be considered here, and the equations 
(6.10) 
(6.11) 


reduce to Viu=—-w 


2r? 
Viv = —w,,,. 
By elimination of B and C by these equations, and application of (4.5) and (5.10), 
it is found that 
TA + (K+) 07A, 1 + (Kg — 4gafl*) Ai 
. 13xKa0A° 9 
= —FyAj.- 64p Y(A411 Doss + Age: Dis) — 9KUPRA 
* (A yyy Ago9 + 3A 092 A 11 + 3A 991 A 112 + A 21 Asa) — 39*AP? 
X (8D o92 A qi + Ans Dogz + 84 111 Doze + 8A 021 P12 + Ao21Pig2)- (6-12) 
The amplitude D may be expressed in terms of A by (3.3). Applying (4.4) and 

(4.5) we find that this equation may be written 
20, 
—— Ww. (6.13) 
C 


~ 
~ 


(= —K¥2) (0+ 0,) = -v.V0+ pw 


A 
According to the above ¢/ct is small compared with xV?, being proportional to 
AB or yAoo,. Taking account of this, we find that 





D a Bb D = B Ago, 3 Ba Ain 
Me Kg Ne AK +A? 64x20 [2 + A?’ 
D = B 4 D = Bb Agr _ l Br Atn 
Oat Ko (OF 02 Akt +A? 64 K%o k2 4+ 22’ (6.14) 
ee BAi» = 3 Ba Aj, A p21 
M2 4K(2-+A2) 16 K2o [24+ A2 ’ 
— BAj32 = Ba Aj, Aoa1 aos 1 Ain 
132 4x(k2+A2) 16xK2o k2+A2 ° ~ 16 Aka ° 
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Agyo2, Agogo, Aig and Ajg9 are expressed in terms of A,,,, Ago; and y by the 
respective equations obtained when (6.7) is inserted in (3.7) and higher-order 
terms neglected. As above, it is seen that the terms containing time differentia- 
tion may be neglected. In this way we find that 


— MAjy. = HyYAyy + GAjy Agar 
— MAox, = HyAqn, + }G4in, 


tye (6.15) 
Ay. = —P, Ain, | 
Aygo = —4P, Ayy Agar. 
M and H are defined above, and G is defined by 
3hgarl? 
@ = aes OO. (6.16) 
KO 


P, is a positive quantity, whose form is irrelevant for the present purpose. 
Inserting these values in (6.12) and applying (4.6), we find that 


FA yy + (K+U%) 77A 11 — 4GaPABA = — 305A qu Aon — RAR — PA: Adar, 
(6.17) 


where FR and P are positive quantities. Correspondingly, the equation for Ap, is 
found to be 


TA gn, + (K+ U9) FA gy, — 4galPABAgy, = — | yay Ai — 4RAjn — }PAjiu Apa. 
(6.18) 


7. Discussion of the equations 

We will first consider (6.17). It is seen that the linear terms, assembled on the 
left-hand side, correspond to an unstable motion. The non-linear terms consist of 
one second-order term and two third-order terms. The second-order term is 
destabilizing if a (7.1) 
Since y is determined by the properties of the fluid, (7.1) fixes the sign of Ago). 

The two third-order terms are important when the amplitude has become 
relatively large. It is noted that they are always stabilizing, and these terms are 
responsible for the stationary character of the motion finally achieved. 

Equation (6.18) is very much of the same form as equation (6.17). It is seen 
that condition (7.1) implies that the second-order term in (6.18) is also de- 
stabilizing. Hence A,,, and Ago, are coupled in such a manner that they mutually 
reinforce each other. 

None of these equations fixes the sign of A,,,. This means only that the sign of 
A,,,is arbitrary, corresponding to the fact that the sign will be changed by moving 
the frame of references half a wavelength along the x-axis. In what follows the 
origin is chosen so that A,,, has the same sign as A 9p). 

Let us now examine the final form of the motion when t > 0. The amplitudes 
A,,, and Aj, are found from (6.17) and (6.18) by neglecting terms containing 
time differentiation. It is readily found that, in this case, 


Ay, = 2Age- (7.2) 
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According to Christophersen (1940) hexagons are given analytically by 
cos , 31x cos ly + $cos 2ly. (7.3) 


Hence we have proved that when t > oo, the motion tends towards a pattern 
consisting of hexagons. 

The direction of circulation in the hexagons is given by (7.1). It follows from 
(4.7) that v increasing with temperature corresponds to a positive y and y 
decreasing with temperature corresponds to a negative y. Therefore, for fluids in 
which v increases with temperature (gases) the motion is descending in the middle 
of the cell and for fluids for which v decreases with temperature (liquids) the 
motion is ascending in the middle of the cell. 

These results are in agreement with the observations mentioned in the 
introduction. 


8. Conclusion and final remarks 

We have started with an initial motion which is essentially a harmonic wave 
and demonstrated that for large values of time hexagons are formed. The agency 
responsible for this has been shown to be the dependence of the kinematic viscosity 
on temperature. 

We have in this paper only taken into account the variation of v with tempera- 
ture. Also « varies considerably with temperature and it seems likely that for 
some fluids this variation may also be important. 

Finally, it should be mentioned that waves with wave numbers which lie 
sufficiently near to (5.10) will also be initiated. When Af is small, however, this 
effect may be ignored. Altogether, a small change in k? + /? is of no importance in 
this problem since the Rayleigh number has a minimum for the actual value of 


k24 22, 


The author is indebted to Prof. A. Eliassen and Prof. E. Héiland for valuable 
discussions. The research has been sponsored by the Norwegian Research Council 
for Science and the Humanities through the Institute for Weather and Climate 
Research, Oslo. 
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An improved perturbation theory for shock waves 
propagating through non-uniform regions 


By M. P. FRIEDMAN 


Institute of Mathematical Sciences, New York University. 
(Received 9 October 1959) 


This paper considers the problem of the propagation of a shock wave down a non- 
uniform tube. Linearized solutions to the problem (Chester 1954) do not hold 
when the velocity behind the shock is near or at the sonic speed. By retaining 
appropriate non-linear terms of the flow equations, a solution is obtained which 
holds for all conditions behind the shock, and reduces to the linearized solution 
for conditions away from sonic. 

The behaviour of supersonic or subsonic flow entering regions of expanding or 
contracting area changes is discussed. It is found that subsidiary shocks may be 
formed; these can be located and described using the present solution. Explicit 
solutions are given for the cases of supersonic or subsonic flow entering a region of 
linearly expanding or contracting area. The point of shock formation as well as the 
path of the subsidiary shock is obtained for the case in which the area contracts. 


1. Introduction 

Chester (1954) studies the motion of a shock wave down a non-uniform tube on 
the basis of a linearized theory in which the changes in tube area and the conse- 
quent changes in shock strength are assumed to be small. In this linearized 
theory the solution breaks down when the flow behind the shock is nearly sonic. 
In this paper, a solution is obtained which holds for all conditions behind the 
shock. A similar situation arises in the study of the transients arising from the 
addition of heat to a gas flow (Stocker 1952), and the same techniques are used 
here. 

Recently, it has been shown by Chisnell (1957) and Whitham (1958) that 
Chester’s work could be simplified and extended. One minor simplification is that 
whereas Chester worked with the full three-dimensional equations and performed 
an averaging process in the course of the analysis, it is sufficient to work from the 
outset with the one-dimensional (hydraulic) formulation; i.e. all quantities are 
averaged over the cross-sectional area to give functions of time and distance 
down the tube only. Then Whitham shows that the motion of the shock can be 
found very simply, without solving the equations for the flow behind the shock in 
detail. The method can be given as the following rule: apply the differential 
relation which is to be satisfied by the flow quantities along a characteristic to the 
flow quantities just behind the shock. Using the shock relations which express 
these values in terms of the shock strength, the change in shock strength is then 
determined. This rule is easily proved to be correct for the small perturbation 
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theory. In fact it is found to be very accurate even when the total changes in 
shock strength are not small although a full understanding of this fact is still 
lacking. 

Although the detailed solution of the small perturbation equations can be 
by-passed in this way, it is useful to consider also the full solution. Using the 
subscript | to denote unperturbed values behind the shock, the general solution 
of the linearized one-dimensional equations is (see § 2) 


_ prajuy A(x)—A 


P-P, = > 4 F(x — {u,+a,}t) + G(x —{u,—a,}t), 
aa—-ur A, 
9 
a2u, A(x)—A l l 
u—u, =-—_ +>". — Ay F(x — {u,+a,}t)- G(x —{u,—a,}t), 
2 42 A 0,a a 
ay— Uy 1 PY Pi%4y 


p-p, = P - + H(x—u;,t), 
where p, p, a, uw are the pressure, density, sound speed, and particle velocity; 
A(z) is the cross-sectional area of the tube; and F, G, H are arbitrary functions to 
be fixed by initial and boundary conditions. In the present problem, it is assumed 
that the tube is uniform in x < 0 with A(x) = A,, and that the shock initially 
moves with uniform speed in this part of the tube (p,, p;, wu, are the constant values 
behind the shock). Hence F is identically zero. The functions G and H are 
determined from the shock relations. 

Now it is observed that the solution breaks down near sonic conditions when 
u, = a,, because the first term, depending on the area change, becomes infinite. 
The object of the present paper is to discuss the sonic case and provide a valid 
solution to deal with it. Small perturbations will still be assumed, but non-linear 
terms will be included to avoid the breakdown, which is essentially due to the 
linearization. It should be noted that Whitham’s derivation for the motion of the 
shock is valid for all w, and a,, since he assumes only that the disturbances are 
small and makes no use of the above expressions; thus only the treatment of the 
flow behind the shock requires correction. A related fact is that the motion of the 
shock is qualitatively the same whether the flow behind the shock is subsonic 
or supersonic. For example, 6M > 0 if 6A < 0 in both cases, M being the Mach 
number of the shock, whereas the sign of u?—a? in the above solution changes 
for subsonic and supersonic flows. 

The corrected solution depends on a more exact treatment of the negative 
characteristics, dx/dt = u—a, than is done in the linearized solution where they 
are approximated by lines 2 —(u,—a,)t = constant. When wu, is equal to or near 
a,, the disturbance represented by these characteristics has very little motion 
relative to the tube. Hence small variations in the magnitude of u—a become 
critically important and the linearization of this quantity is inadequate. If this is 
not corrected, the effect of the area change continually builds up (as shown by the 
linearized solution) because the disturbance does not move relative to the tube. 
In the true solution, some build up of the disturbance occurs, but this auto- 
matically changes u—a away from zero and the disturbance moves up or down 
the tube, depending on the sign of w—a. This will be shown in detail in the im- 
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proved solution. Furthermore, an interesting feature of the non-linear treatment 
of the disturbances is that secondary shocks are formed in the flow, and they can 
be studied by means of the solution presented here. 

The theory is developed for the problem of a shock moving in a non-uniform 
tube, but the same methods apply to analogous problems involving shock waves 
propagating through regions in which the gas has a non-uniform initial state. 


2. Basic equations and small perturbation solution 
One-dimensional, non-steady flow problems are described by the equations of 
motion 


pi + Up, + pu, + . Ae wt (1) 
pu,+ puu,+p, = 9, (2) 
P+ Up, —-a@(p,+up,) = 9, (3) 























a> uy aa & 


FicurE 1. The (a, t) diagram showing the characteristics and particle paths. 


where p is the pressure, p is the density, wu is the particle velocity, and a is the 
sound speed; a = (yp/p)! for a polytropic gas with ratio of specific heats equal 
to y. In characteristic form, we have 


Pp, + pau,+ (u+a)(p,+pau,) +o A, = @, (4) 
Pp, — pau,+(u—a) (p, — pau,) +e A, = 0, (5) 


in place of (1) and (2). 

We consider the problem represented in figure 1 wherein a shock wave initially 
moves in the straight part of the tube x < 0, and then passes into the non-uniform 
part, x > 0, where the area A(x) varies from the original value A,. The flow ahead 
of the shock is assumed to be uniform and stationary. Conditions ahead of the 
shock will be denoted by a subscript 0; subscript 1 denotes the constant values 
behind the shock when it is uniform in x < 0. When the shock meets the area 
change at x = 0, disturbances are reflected along the negative characteristics C_ 
and entropy changes propagate along the particle paths P. Disturbances on the 
negative characteristics move backwards or forwards relative to the tube de- 


pending on whether u,—a, < Cor u,—a, > 0. 
13-2 
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In the linearized theory, the coefficients in equations (3)—(5) are replaced by 


the same quantities with subscripts 1 to give 
Pr a? 144 A, 


(p +p A,U),+ (Uy +4) (p+ py a U),+ (6) 
éty 
atu 
(p —p,a,u), + (wu, —4,) (p—p,a,u), + 1 A, = 0, (7) 
4ay 
: y+U,p,—-U(p,+u,p,) = 9. (8) 
The solution may be written: — en ae 
az U x E 
(Pp — Py) + Py 44(U — Uy) -f oy a 7 14 2F (a2 —(u,+a,)t), (9) 
ad | 1 
p,aiu, A(x) — = 
) ) (7 = — 149G(x —(u, —a,)t). 10 
(P — Py) — Py Q(t — Uy) uy — dy = (x — (wu, — a4) t) (10) 
l , 
P-Py = —(p—p,) + A(x —-Uy,F). (11) 
ay 


F gives the disturbances on C,, @ the disturbances on C_, and H the disturbances 
on P. Since the shock was assumed to come undisturbed from x = — ©, the con- 
tribution F on the positive characteristics vanishes. When F vanishes, (9) is the 
relation used by Whitham to determine the shock. Notice that it is independent 
of the disturbance G, and the area term is finite for all w, and a,. This checks with 
the comment made earlier that the derivation for the shock motion is valid even 
when wu, = a,. The perturbation solutions are, therefore, 


p,uia} A(x)— A, 


P-P G(x —(u,—a,)t)+4 a? — Cu? A, ; (12) 
l 2 A(x) — 
u—-U,=— G(x —(u, —a,)t)- — = (13) 
PiQ, ay uy “14 
l 
p-p,= “3 (P — Pr) + H(x—uy,t). (14) 
1 


The functions @ and H are determined from the requirement that the solution 
given by (12)-(14) satisties the shock conditions. At the shock 


p = 9 (2yM2—y+1), 


y+! 
/) 
M)’ 
e (y+1) M 

pm Po s+ (y—1) M?’ 
where M = U/a,, U is the shock velocity, and subscript zero refers to values 
ahead of the shock. In terms of the changes in shock Mach number, 

M—M, =(U-U,)/a 


we have P—-P. = a" The M,(M-—,). (15) 
I ’ 
i= no 2 (14 ug) Ol - 3h). (16) 


: A(y+ 1) po MM, 
[2+(y—1) MiP 


(M—M,). (17) 
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Substituting the values given by (12), (13) and (14) at t = z/U,, we have 


2M,(M-—M,) A(x) — A, 


=_— 18 
(M3 —1) K(M,) A, _" 
ol p,ujazt, A(x)—A, 
G eb weer 19 
(;.) a~a i * a 
if A(x)—A 
H(=)=k , 20 
(7) ky A, ’ ( ) 
where AK(M,) = 2((1+ w/a.) (1+ My? 4+24)}7, 
siti (7=%)’ _— (y-1) Mi+2 
ay 2yM?2—(y—-1)’ 
— eu |. 
k, = 14 7 uk(M,), 
U, U 
‘i eee Ke y mg : 
1 1! 1 1 1 
y—lut . 
ky= > 2 PK (MA) (1 — M;*). 
o @ 


Equation (18) gives the change in the shock Mach number and follows directly 
from (9), (15) and (16). From (19) and (20) the full solution behind the shock is 


a _ PUG 7, A(kg[x—(uy—4,)t])—A, A(x) — A)| 
P~ Pr at—u2\|" A; i OF 
uaz (u,, A(k,[x—(u,—a,)t])—A, A(x)—A,) - 
= : - : 21 
7 az—u?\a, * A, A, | (21) 
l A(k[x% —u,t]) —A 
P-pPi = 3(P—Pi) + hy al ie ,, 
bad | aay 





This is Chester’s solution. As explained above the solution breaks down when 
, = G,. 

In the next section we obtain an improved solution which will reduce to this 
one when wu, — 4, is not small, but is valid in the case when w, — a, is small or even 


zero. 


3. Improvement of the solution along the negative characteristics 

The cause of the breakdown when wu, = a, is explained by examining (7), the 
equation holding along the negative characteristics. The original coefficient u—a 
in (5) has been replaced by the unperturbed value w,—a,. Near the sonic speed 
this approximation is not valid, and it is seen that this coefficient leads directly 
to the denominator uw, — «a, in (10). Notice that if the term with coefficient u — a is 
left out altogether on the grounds that it is small, we get the solution 


(p— Pr) — Pray(u— 4) = — PA, t+ 262) 
ae4 


which is again inadequate. 
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In this section we consider a more exact analysis of the negative characteristic 
equation. Since u—a is the critical quantity, the differential equations will be 
rewritten so as to use wu and a as dependent variables, in place of u and p. Then 
an equation with w—a as dependent variable will be derived. With w and a as 
dependent variables the equations of motion (1)—(3) become 


2 Ua bas 
a [a,+ua,]+au,+ A A, = 0, (22) 
2 aS, 
U, + UU, +——. aa, — = 0, (23) 
ea ares 
S,+uS, = 0, (24) 


where it is convenient now to work with the entropy S = c,,log (p/p). Taking the 
combinations (22) + (23) and (23) —4(y—1) x (22), we have respectively 


2 as ua 
+(u+ +[u,+(u+ = <———A,, 25 
a4 [a,+(u+a)a,]+[u,+(ut+a)u,] aie, a ») 
3-Y 2 28 —l 
(u,—a,) + (u—a) (u,—a,)+ 5} c al. - p%+ | = a whee - =; . 
(26) 


(To obtain (26), the quantity a(u,—a,) has been added and subtracted.) Since 
there are no difficulties along the positive characteristics or the particle paths, we 
can linearize (25) and (24): 


9 9» 


-_ 2 azs U,a 
| at u| +(u, +a,)| at u) = ee tA. (27) 
: jak Mt y= z YWy-l)o A, 
S,+u,S, = 0. (28) 
Then 2 a 
“ 1 Y 7 
a—da,)+(u-—Uu,) = S-—S 
yay 2a) + (uty) = Oe (S— Sy) 


u,a, A(x)—A, 
Ujt+a, A, 


+ F(x —(u,+a,)t), > (29) 





¢,a? 
S=- el (x — ut), | 
) 


| 
the coefficient of H being chosen to agree with (11). The function F’, constant 
along characteristics dx/dt = u, +4 , is set equal to zero as before since there is no 
incoming disturbance. The function H is determined from the shock condition 
and, as there is no change from the linearized theory, is given by equation (20). 
Now, the terms in (26) which do not involve u—a can also be linearized. Letting 
u—a = w; and linearizing the remaining terms, we have 





3-y 2 az , y-lua 
©, + ww, + —— a a,+4u,| = A Bg me LA... (30) 
2 y-1 1 yvyv-Nle, 2 A, 
Substituting from (29), we have finally 
ar A’ (x) 
w+ww. = — A’ (x—u,t) + B—__, 31) 
l f£, 2p; ( 1 ) [ A, ( 
u,a 
where B= —*+ [Hy-1) u, +4]. 


Uy, +a, 








It 


If 


or 
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Since A(x) is prescribed and S oc H is known in terms of A — A, (see equation (20)), 
equation (31) is a quasi-linear partial differential equation with the right-hand 
side a known function of x and t. Equation (31) gives the change of w along the 
C_:; it must therefore be integrated along each C_ with initial values given at the 
shock, « = U,t. The initial condition for w is obtained in terms of M — M, from the 
shock relations (15)-(17). Finally, determining this value in terms of A—A, 
from (18), we have sm 


A, + (u,—a,) (32) 


at the shock, where 
bn Ay 1+ Mp2 yeMy = + (Mi - 1) (My) 
y+1 Miu M, 


Equation (31) can be reduced to a system of ordinary differential equations 
9 , 
e A 
dt:1 =dx:w =dw:—— H'+f—. 
2p; A, 
It is convenient, however, to introduce a characteristic co-ordinate o such that 


o,+uwa, = 0, i.e. (dx/dt) = w; then the equation becomes 


a=const 
dw\ a? A’ 
=w,+ww, = —=~ H' R 33 
je 7 2p; +B = 
If we choose o so that it is equal to x at the shock, we require 
A(o)—A o 
w=-k (7) 1+(u,-a,) at z=, t=—. (34) 
A, U; 


Equation (33) will hold whether w, — a, is near zero or not. If we assume that the 
perturbation in u—a is small compared with wu, —4,, (33) can be integrated im- 
mediately to give 
QO 
w= . H(x—u,t)+ =e “ . + G(x —(u,—a,)t). 
This, in combination with the positive characteristic result in (29), will reduce to 
Chester’s solution (21). 

It does not seem possible to find a convenient general expression for the solution 
to (33) when A(z) is arbitrary. In §5 the solution is found for the special case 
A(x) = A,(1+e2) for x > 0. However, a general solution can be obtained when 
the entropy term, H(x —u,t), is neglected; and this will be considered first. If the 
shock is not too strong the error introduced by neglecting the entropy term is 
small. For sonic conditions this term is about 10° of the area term. It should 
also be noted that H will often be zero over a large part of the range of integra- 
tion, since it is non-zero only to the right of the particle path x = u,t (see figure 1). 
The entropy term does not affect the qualitative behaviour of the solution; and its 
effect on the magnitude of the disturbances is shown to be small in the special case 
of §5. Accordingly we drop this term in (33), for the present. Then 


w+ww, = BA'(x)/A,, 
_ (dw B (dA (35) 
be wa) 4, ( dt), come’! 


/ o=const 
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and the solution is w? = 2BA(x)/A, + (0), 


where ¢(@) is chosen to satisfy (34). The final solution for w is 


4,—A(c) 2 5 p(Al(z) -—Alo)) 


4 (u—ay) + 2p) A, (36) 


AN LI Ay 
The sign in front of the radical is determined by whether the flow is supersonic 
(w > 0) or subsonic (w < 0). The characteristics and o are given then by 
a, fe dz 
1 Jo w(o, x) 
It should be noted that on those characteristics originating at the shock in 
x <0, A(o) = A,. If, however, u, > a, the characteristics slope downstream and 
will, sooner or later, encounter the area change, x > 0; then the shape of the 
characteristics is altered by the term 2/4; !{A(x)— A(o)} under the radical. 


4. Discussion of the results for general A(x), with entropy changes 
neglected 

There are four cases to discuss depending on the signs of A’(x) and u,—a,. If 
A'(x) < 0 the shock strength increases in the area change as shown by (18); 
from (35), w decreases along the characteristics so that in the (x, t) plane charac- 
teristics bend in the upstream direction. If A’(x) > 0, the shock decreases in 
strength, and w increases along the characteristics so that they bend downstream. 


Case (t): uy > a; A’(x) < 0 for x > 0 (figure 2) 
We consider a monotonic decreasing area change and assume the incoming flow 
to be slightly supersonic; hence the plus sign is taken in front of the radical in (36). 
Since the area is decreasing the shock strength increases and the flow behind the 
shock becomes more supersonic. This is indicated in (36) by the fact that 
k(A,—A(o))/A, increases with a. 

Characteristics 1 in figure 2 originating in the uniform flow region remain 
straight with slope dt/dz = (u,—a,)~ until the area change is encountered. In 
x > 0 their slopes are given by w! = {(u, —a,)? + 22Ay (A(x) — A,)}-*. It is to be 
noted that w takes this form along all characteristics originating in x < 0; there- 
fore their behaviour in x > 0 is identical. (This is just the steady flow solution of 
the perturbed equations; the exact solution of the full equations could easily be 
found for this steady flow region.) Since the area is decreasing, A(x) — A, < 0 for 
x > 0, and w decreases along the characteristic as x increases; therefore, the 
characteristic slope dt/dx = w! increases. If u,—a, is small enough the area 
decrease will cause w to vanish at some point; the characteristic will have a 
vertical tangent there, and will then begin to slope back upstream. Here the 


sign in front of the radical in (36) changes from plus to minus as the flow goes 
from supersonic to subsonic. 

Characteristics 2 start initially with a slope {k(A,—A(o))+(u,—4,)}-'. Here 
again if the area change encountered is enough to overcome the initial value, the 
characteristics will curve around and head upstream. For characteristics 3 the 
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area change is not sufficient to overcome the initial value at the shock. Charac- 
teristics of this type continue downstream after passing through the perturbed 
area region; they form an expansion wave moving downstream. Characteristics 4 
start after the area change and are straight, with a slope determined by the in- 
creased shock strength caused by the total area change. 

Since w, > a, in the initial flow x < 0, the only disturbance which can be sent 
back into this region is a shock wave. Hence before emerging from the perturbed 
area region the reflected disturbances, represented by the characteristics which 
bend back, must form a shock. The shock formation corresponds to the inter- 
section of the characteristics as indicated in figure 2. It is easy to see that they do 
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FIGURE 2. The (a, ¢) diagram for case (1): FicurE 3. The (a, ¢t) diagram for 
uy > a, A(z) < 0: case (ii): u, < a,, A’(x) < 0. 


intersect. The characteristics | starting in x < 0 have the same shape in x > 0 but 
are successively displaced in the t-direction; clearly they have an envelope which 
is the locus of the points of vertical slope (w = 0). This envelope starts at the 
point of vertical slope on the characteristic through the origin and usually this 
will be the point of shock formation. However, it is possible for the later charac- 
teristics, 2, to form an envelope sooner, but this depends on the precise form of 
A(x); for a linear change A’(x) = constant, this is not the case. For the special 
problem of a linear area change, details of shock formation are given in the last 
section for all the cases: supersonic or subsonic incoming flow, and expanding 
or contracting area. If u,—a, is not small, any subsidiary shocks form far up- 
stream or downstream and so have little importance. However, near sonic 
conditions the subsidiary shocks form in or near the area change, and may form 
immediately or soon after the main shock reaches the area change. 


Case (ii): uy <a,; A’ < O for x > 0 (figure 3) 
For this case with the incoming flow slightly subsonic, the minus sign is taken in 
front of the radical in (36). Characteristics 1 in figure 3 never enter the perturbed 
area region. Type 2 characteristics, which start at the shock in x > 0, have initial 
slopes which become closer to the vertical as the shock strengthens in the con- 
traction. The area change in this case causes the characteristics to bend upstream. 
When a characteristic crosses into x < 0 it becomes a straight line whose slope is 
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equal to its slope at x = 0. It will be shown that for the special case considered in 
the next section these characteristics will merge upstream of the area change, 
forming a shock which will propagate upstream. For this case, as for the previous 


one, location of the point of shock formation depends on the precise form of 


A(x). If the flow is still subsonic downstream of the area change, the charac- 
teristics starting there will point upstream and will reach the area change. But 
if the contraction is great enough and the shock strengthens sufficiently to make 
the flow supersonic, the characteristics will point downstream; this is the case 
shown in figure 3. 


Case (ii): u, > a,; A’ > O for x > 0 (figure 4) 
The incoming flow is supersonic and we again choose the positive sign in (36). 
However, as the area increases the shock strength decreases and hence so does 


u—a. We assume that the area change is sufficient to alter the shock strength so 
that the flow immediately behind the shock changes from supersonic to subsonic. 


Shock 


\ . 


1 ~fj—-——_ 2 ——+}- 3 + 
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FicurE 4. The (x, ¢) diagram for Figure 5. The (a, t) diagram for 
case (iii): u, > a,, A’(x) > 0. case (iv): u, < a,, A’(x) > 0. 


Characteristics | have constant slope (w,—a@,)~! = w! in « < 0. At the area 
change w increases, since (A(x)—A,) > 0, and the characteristics bend down- 
stream. Characteristics 2, starting in the perturbed area, have slopes at first 
pointing downstream, but as the shock is weakened they may eventually point 
upstream at the shock. In the latter case, however, 2/4; '(A(x) — A(a)) decreases 
at first along the characteristics; therefore they become vertical and then bend 
back downstream. These characteristics will either merge with each other or with 
characteristics 3 from the uniform section downstream and again a shock will be 
formed. In this case the shock may move upstream or continue downstream. 


Case (iv): uy <a; A’ > 0 for x > 0 (figure 5) 


For this case, as for case (ii), the characteristics 1, originating at the shock in 
x < 0, will head upstream, undisturbed. Type 2 characteristics start out more 
subsonic than type | as the shock is weakened in the expanding area. However, 
the effect of the area change is to bend these characteristics downstream. If a 
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characteristic meets 2 = 0 before it curves downstream it continues into x < 0 
with constant slope. Those characteristics which do bend downstream will, as in 
the previous case, merge to form a shock. 

It is interesting to note that in all cases the effect of the area change on the flow 
behind the shock and within the area change tends to counteract the effect on the 
shock. A contracting area strengthens the shock but then causes u — a to decrease 
along the characteristics, while an expanding area weakens the shock and then 
causes u —a to increase along the characteristics. 


5. Solution of the equations for the case of a linear area change 
The solution, including the contribution of the entropy term, will now be given 
for the relatively simple problem of a linear area change. We assume that 
A(x) =A, (x < 0), 


Hence, using (20), A(x) = A,(l+ex) («> 9). 


( —be(x — uy) for x—u,t > 0,) ' 


_ ay is 
2p; sini sie (0 otherwise, ) (37) 
U, 
where b = (y—1)(1— My?) K(h) “iT ! 
At the shock x = 0, t=0/U,. 
U,— Ay, for o <0 
“mre | (38) 


~ ((u,-a,)-—keo =, say, for o> oO} 


The differential equation (31) becomes 
lw) 
(| = u,+uww, = (P—Db)e. (39) 

where A=0 for zx< 0, 
b=0 for xr-u,t < 0. 


o=const 


In connexion with the approximation of the last section in which the entropy 
change was omitted it is of interest to note that, for sonic conditions, u, = 4, 
f = 1-04a2 and b = 0-109a?; also k = 0-238ap. 

The integration of (39) is immediate but there are various regions to distinguish 
in each case. 

Case (i): UW, > a,, € < 0 (figure 2) 
For characteristics 1, starting in x < 0, we have 


w= U,—Q, 


x= (u,- ret A 7 
o 
for x <Q, = = 07; - 4 
w = Bel nt aaa | 
_ fe c (41) 
r= 9 (t—t,)? + (u,—a, ) (tte), | 


for x > 0,t > ty; where t, gives the time at which the characteristic 7 passes x = 0. 
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For characteristics 2, starting in x > 0, we have 


w= e(B—B)(t-7) +0 | 
(42) 
5 (tf) w-nem(iz) on 
forx—u,t > 9; 
= felt) ame | 
(43) 
dae, Tw. oa) (t= 7) +ee+ or 


for x—u,t < 0; where w, is the value of w at the shock, given by (38), and 


b i /{ 
= U,—-Uuj)— | 
h _ p ( 1 ) Nv | 


Co(o) -c2/2 fe. 


24 Il P u | 
C,(o) (wu, —w,)? + 2ea(/ -(7-1)]], 


The functions c, and c, are determined by connecting (42) and (43) at the line 
x =u,t. A characteristic of the type given in (43) may meet the ¢t-axis. If this 
occurs it continues upstream with a constant slope equal to its slope at the t-axis. 
These are given by 


w= Be(t - i +we+¢y, | 
(44) 

] o | | 

r= (felt, ——]+w,+c,, (t—t), 

a \/ | 1 7) s “y 1 
for x < 0,t > t,, where 
l 
t= _ ——- {(w, + ¢,) + ./[(w, + ¢,)? — 2fe(o + c,)]}}. (45) 
U; Be ” ‘ 


The solutions (42) or (43) can be put into the form of equation (36), used for the 
discussion of the previous section, by eliminating ¢ — o/l; from (42), for example 


w = J[{(uy— Ay) — keo}? + 2e(f —b) (x — 0). (46) 


The location of the point of shock formation in the perturbation region can be 
calculated from equations (41) to (43). We look for the first intersection of 
characteristics. The characteristics 1 which originate in x2 < 0, equation (41), 
have the same slope in x > 0; they form a one parameter family of parabolas 
with an envelope given by 


Those characteristics originating in x > 0 have initial slopes less than (u,—a,)~!. 
Also in the region u,¢ < x < U,t the rate of increase of their slope, e(/ — 5), is less 
than that of the characteristics originating in x < 0, which is ef. For x < u,t the 
rate of increase of slope for both kinds of characteristics is the same. Hence 


those characteristics which originate in x > 0 fan out downstream more than 
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those from x < 0. The first intersection of characteristics will therefore be deter- 
mined by the envelope given above and the point of shock formation will be 
(u,;—a,)” (u,—a,) 
t= ; = —_ 
26 |e| B\e| 
on the characteristic through x = t = 0. 

The subsidiary shock formed at this point will stay relatively weak and its path 
and strength could be determined using the property that the path of a weak 
shock in the (x, t) plane bisects the angle between the characteristics on each side 
of it; but even for this special case of a linear area change the results take a com- 
plicated form. However, since the subsidiary shock is weak it will at first stay 
close to the characteristic through x = t = 0, and will emerge from the non- 
uniform region approximately where this characteristic does; i.e. after a time 
given by t = 2(u,—a,) (f|e|)~?. When the shock emerges into the uniform region 
x <0, t > 0, its motion is given by relatively simple formulae; these will be 
discussed in §6. 

Case (tt): Uy < a, € < O( figure 3) 


For characteristics |. which start and remain in x < 0, we have 


w= U,—Q, | 
Co (47) 
t=, -4,)(t~7) +0,| 
where x < 0, (0/U,) < t. 
For characteristics 2, starting in 2 > 0, we have 
a 
w = e(B-b)(t— 77) +e. | 
(48) 
£18 b) (¢ = ( ft | 
x =-—(f—b)(t——]} +wu,|t--]+o. 
2 U; ’ U; 
for x—u,t > 0: 
’ o 
w = pe(t— 7) +u,+er. | 
(49) 





t= B(t-p) +te.ten (tg) +o +00 


for x—u,t < 0; where c, and c, are given in equation (43). A characteristic of this 


tvpe which crosses the t-axis is given by 


? o . 
u = pe(t— 77) tute | 
1 ~ 
(50) 
a o Sa 
x = \ pelt, ——] +w,+¢,} (¢—4,), 
| U; 
for x < 0,t < t,, where f, is defined in (45). By examining the expression for w in 
(50), it ean be shown that as o increases the slope of the characteristic, 
dt/dx = 1/w, 
becomes smaller in absolute value. These characteristics will therefore merge 
upstream. The point of shock formation will either be where characteristics (50) 
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merge or where they meet characteristics (47), whichever occurs first. If we 
rewrite (50) as 
aia x = w(t,) (t—t,), (51) 


then, since f, increases monotonically with 7, we obtain for the envelope 








fname, fed +— (52 
w w 
Note that for this case, 
u,<a,,t,=0 when o=0; 
whereas for case (i), 
U, > dy, ty = 2(u,—a,)(Ple|) when o=0. 
Evaluating (52) at t; = o = 0 we have 
a ( [ty — | 
(uy —a)*(/ — u +1) 
U; 
— (b /u \]? 
el|A+ U,—4,| +1) ~al] 
al f | 1 "la, U; | ; 
|u,—a,| — 
m,—a,| (' "A AI 1) 
{= : ; 
a (b (uy | 
|e| B+ |u—a4|) -1)-4 





4 \U, 


This point also lies on the characteristic (47) through the origin. To show that 
this is the point of shock formation, it is necessary to see that the envelope (52) 
does not form for a value of x greater than that given in (53). This is determined 


dx w\? _ 
= 2w—- | ) w 
dt, w’, 


by evaluating 


att, = o = 0; it can be shown that this is negative and hence the envelope moves 
upstream ast, increases; therefore (53) is the first point of touching characteristics 
and is the point of shock formation. The details of the shock path will be obtained 
in the next section. 
Cases (tit) and (iv) 
For case (iii) (vw, > a, € > 0 (figure 4)) and case (iv) (wu, < a,,€ > 0 (figure 5)) the 
solutions are the same as for cases (i), equations (40)—(44), and (ii), equations (47)- 
(50), respectively. To locate the point of shock formation for cases (iii) and (iv) we 
first find the envelope of the characteristics arising in the non-uniform region. 
Equation (49) is used for this but to simplify the presentation entropy effects are 
neglected, so that b = c, = c, = 0. The envelope is given, with o as parameter, by 
u,—a, keo 


soe fe * 2 





" ek(1+ EA (54) 
\ 1 


r= Be (t— rr) +(e. —a1)—keo} (!— 7) +O. 
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It is seen, from (54), that at o = 0 both 2 and t are O(e-"). Since e, the rate of area 
change, is assumed to be small, any shocks arising from the merging of charac- 
teristics of equation (49) will occur far downstream. A shock will form, however, 
when characteristics (type 3, figure 4) arising in the uniform region downstream 
of the area change meet characteristics arising in the non-uniform area region. 
Analysis of this situation, carried out at the end of the area change, is identical 
with that done for cases (i) and (ii) at the entrance to the area change. 


6. Motion of the subsidiary shocks 


In the previous section the point of shock formation for the cases of contracting 
area, (i) and (ii), was determined. We now discuss the determination of the subse- 
quent shock path. The shock must be fitted in so that the shock relations are 
satisfied; for a weak shock, the shock conditions show that its slope at each point 
in the (x, t) plane is the average of the slopes of the characteristics meeting it and 
this property can be used to determine the motion of the shock (see Whitham 
1952). For case (ii) of subsonic incoming flow, the shock forms upstream of the 
non-uniform region, and will have undisturbed characteristics ahead of it and 
characteristics of type 2 (which have turned back upstream) behind it. Owing to 
the simple form of the undisturbed characteristics (straight lines with slope 
(wu, —@,)~) itis relatively easy to determine the shock path for this case. However, 
for case (i) (supersonic incoming flow) the shock forms in the non-uniform region 
and both sets of characteristics meeting it are disturbed. As was noted in the 
previous section, the detailed motion of the shock, while in this region is given by 
complicated implicit formulae. It does not seem worth while to develop and 
explain these in detail. Instead we will use a rough estimate of the shock strength 
and the time when the shock emerges into the uniform region, and its path in the 
uniform region will then be found. 

For case (ii), uw, < a, € < 0, the shock forms upstream of the non-uniform 
region at the point (see (53)) 


' u,—a \ 
iw esas ( U, 41) | 


= + Pe (> (uy _ nll} (55) 
|| ae | U, 1] ‘I 








L,= —|U,—-a 


t.. 
Upstream of the area change, the characteristics which arise in x < 0 and x > 0 
are given respectively by 
r= = (¢ = - +O, | 
xX = (U,—4,) U, (56) 
a = w(t,) (t—t,). | 
where w(t,) = fe(t, —(o/U,)) +w, + ¢,, and f, is given in (45). Assuming the shock 
path to be given by x = X(t), we have 
X(t) = w(t,) (t—t,) 


along the shock path. Also, as the shock slope is the average of the slope of the 


characteristics, a 
X'(t) = F{w(t,) + (uy, —a)}- 
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But, from the first relation X’(t) can also be written 


hie F dt, ; dt, 
X"(t) = (t=) w(t) + w(t) (1- ah 
Hence : {lw — (uw, — a)? (t—t,)} = w? —(u, —a,)?, (57) 


dt, 


and this is the differential equation for the shock path. The solution to this 
equation, with initial conditions (55), is 





*t, 
t=t,+[w—(u,—a,)] + | wt, — (mya) | 
J0 (58) 
, af {7,2 24| 
X = u[w—(u,—4a,)] si whet, — (04; — OFF 
J0 


It can be shown, using (45) and (50), that as ¢, approaches zero, x and ¢t tend to the 
initial conditions x, and ¢, in (55). The initial velocity X’(t,) of the shock is u, —a, 
relative to fixed co-ordinates; that is, it isof magnitude a, relative to the upstream 
flow. Letting 1/* —1 measure the shock strength, where .W* is the Mach number 
|X’ —u,|/a,, we see that the shock starts initially with zero strength. 

If the upstream velocity were sonic, vu, = a,, the shock would start at x = ¢ = 0 
with velocity wu, relative to the incoming flow; its initial strength, ay 1(u,—a,) 
would be zero. The equation for the path in this sonic case is given by (58) when 
(uw, —a,) is set equal to zero. 

For case (i), “4; > @,, € < 0, it was shown in the previous section that the shock 
forms within the non-uniform region at the point 


(u,—a,)* (u,—4,) 
x= ss 


27 \e| p \e| 


As the shock is weak it will follow, very nearly, the path of the characteristic 
through this point. Thus it is given approximately by 


x = (fe) t?+(u,—a,)t, 


which is obtained from (43) with o = 0. At t = 2(u,—a,)(fle|)— this charac- 
teristic crosses the ¢ axis into 2 < 0. It will therefore be assumed that the shock 

enters the uniform region near the point 
eA ie i. =ae (59) 

f \e| 

The strength of the shock depends on the small difference of its slope from the 
characteristic slope. At x = 0, the shock will have an undisturbed characteristic 
with slope (uw, —a,)~' ahead of it, and a characteristic of type 2, which has turned 
back upstream, behind it. Characteristics of type 2 have slopes approximately 
equal to —(u,—a,)-' when they reach x = 0. Hence, initially, the slope of the 
shock (being the mean of these) is approximately vertical, in the (x,t) plane. 
telative to the incoming flow the shock velocity is just w,, so its strength, 
M*—1, is a,'(u,—a,). Thus, according to this estimate, the strength at 2 = 0 is 


independent of e; however, € determines the time at which the shock emerges 
(see (59)). 
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Inz < 0 the equations of the characteristics meeting the shock are given in (56) 

and the differential equation for the shock path is given in (57). The solution to the 
equation, with initial conditions (59), is 


rt, 
t= f+ [w= (m4 — a) | | w? dt, — (uw, —a,)? (4—t)},| 
- (60) 


rt 
x = wlw—(u,—a,)]}* | ; w? dt, — (u,—a,)? (4 -t) , 
o fj 

where t; = 2(u,—a,)(Ale|). It should be remembered that the initial point, ¢;, 
is approximate and that this equation is not intended to give the detailed 
behaviour near ¢ = f;. 

However, for sonic upstream flow, vu, = @,, the initial condition (59) becomes 
a =t = 0, and the shock never enters the non-uniform region. Equation (60) 
is correct for this case when (wu, —a,) and ¢; are set equal to zero. 

For the cases (iii) and (iv), the subsidiary shocks move downstream in general ; 
if the area eventually becomes uniform downstream, similar expressions to the 
above can be found for the shock path. 
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The forces on wing-fuselage combinations 
in supersonic flow 


By JOSEPH H. CLARKE 
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Reverse-flow relations are used to provide convenient expressions for the aero- 
dynamic forces which act on a general wing-fuselage combination in supersonic 
flow. The drag, lift, spanwise and chordwise lift distributions, and wing moments 
are treated. Consideration is given to available methods and results, including 
tables, which apply to the wing-fuselage interference problem, and reverse-flow 
relations are then employed to effect desirable changes in the defining force 
expressions by introducing wings or fuselages in the reverse flow. It is shown that 
the aerodynamic forces can be determined from a solution for the pressure on only 
the fuselage surface within the domain of dependence of the wing, this region 
being selected on the basis of relative ease of computation. In some cases the 
simplification achieved is quite substantial. Certain results in the literature arise 
naturally as special cases. The reverse-flow theorem is re-examined in the light of 
the procedure considered, and it is found to be inapplicable in one respect. The 
difficulty is circumvented by constructing an acceptable configuration which is 
equipollent to the prescribed one. It appears that the method given is applicable 
in other linear hyperbolic problems in mathematical physics when bulk or gross 
information is required and a suitable reciprocity relation can be constructed. 


1. Introduction 


This paper presents a method for the determination of the supersonic aerody- 
namic forces, particularly the drag, that act on the general wing-fuselage com- 
bination shown in figure 1. Upstream and downstream of the wing, the infinite 
fuselage surface is a cylinder with an arbitrary cross-section and an incidence a. 
Over the interval x; < x < x,, where x is a Cartesian co-ordinate in the direction 
of the incident stream, the fuselage surface exhibits arbitrary small deflexions in 
addition to the incidence; these might represent contours deduced from considera- 
tions of favourable interference, a canopy, etc. The fuselage considered is then 
described as an infinite quasi-cylinder. The boundary conditions and surface 
pressures are discussed, within the framework of linearized theory, on a reference 
surface ©,, which is a cylinder with generators parallel to the incident stream and 
with the cross-section mentioned. The wing has arbitrary planform, thickness 
distribution and warp, and is arbitrarily mounted on the fuselage. The reference 
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surface for thetwo panels is the plane ©, whichis taken toliein the (x, y)-plane. The 
combination is symmetric about the (x, z)-plane. The disturbance field of these 
boundaries is conveniently written as the sum of four terms: the flow field of 
the isolated fuselage, the flow field of the isolated wing (arbitrarily extended 
through the body), the interference flow field produced on &, to cancel cross-flow 
originating on the wing, and the interference flow field produced on &, to cancel 
cross-flow originating on the fuselage. 





FicurE 1. Wing-fuselage combination considered. 


The determination of the disturbance field produced when the boundary 
values discussed (or special cases thereof) are prescribed has been considered 
extensively in the literature. The calculations required are, in general, difficult 
and extensive (cf. Lawrence & Flax 1954). Beginning with the two isolated flows, 
it is possible to cancel in turn the remote cross-flow induced on each surface by the 
other. This non-terminating process gives rise to an infinite number of boundary- 
value problems for isolated wings and isolated infinite quasi-cylinders; the con- 
vergence of the series has been established by Ferrari (1948, 1949), who proposed 
and used the method. 

For field points upstream of the domain of influence of the trailing edge, 
a simpler formulation is sometimes possible. (Since the fuselage incidence may be 
treated separately by superposition, it is taken as zero for the present.) Ifthe wing 
leading edge is supersonic over a sufficiently long segment and if the prescribed 


fuselage contours are suitable, the field point discussed is not influenced by 
14-2 
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disturbances originating on the other side of the (x, y)-plane. The flow at the point 
is the same as that over the influencing geometry plus the image thereof in the 
(x, y)-plane. A portion of the field is then determined by mating two half-spaces, 
the process satisfying the boundary conditions of the problem. The lifting problem 
for the upstream region discussed is then reduced to two equivalent symmetric 
problems corresponding to the geometry above and below the (z, y)-plane, 
respectively. Now, when the combination in figure 1 is symmetric about the 
(x, y)-plane, the disturbance field may be found by a process which terminates in 
one step. The isolated fuselage does not induce a cross-flow on &,. When the 
cross-flow induced on &, by the isolated wing is cancelled, the resulting intev- 
ference flow does not flow across &,. The symmetric problem is then reduced to 
solving two infinite quasi-cylindrical problems and one isolated wing problem: 
the latter requires no further discussion. 

The above formulation was proposed by Lagerstrom & Van Dyke (1949), and 
has subsequently been employed by a number of writers, particularly Nielson 
(1955) and Randall (1955) for the case of the infinite quasi-cylinder with almost 
circular section. The several approaches to this last problem suggest that the most 
satisfactory procedure in practice is one straightforward in principle which 
employs a Fourier expansion of the surface deflexions in the meridian angle, and 
solution of the resulting boundary-value problem by Laplace transforms. The 
formidable difficulty here is in evaluating a set of characteristic functions 
W (x,r),n = 0,1,2,..., in the streamwise co-ordinate x and the cylindrical 
co-ordinate r, the functions being defined as inverse Laplace transforms of 
modified Bessel functions. An extensive set of tables of these functions has now 
been prepared jointly by Nielson (1957) and Mersman (1954). The tables are given 
for very smal] intervals in 2, so that the surface pressure on r = 1 may be computed 
with a simple, routine calculation. Only a very small number of values of r 
appear, however, so that calculation of the flow induced on &, (i.e. off %,) 
remains necessarily extensive in most cases. The complication is compounded in 
the case of the interference flow by the fact that wing-induced cross-flow on ~, 
will generally be discontinuous, so that the Fourier series in the characteristic 
functions which gives the interference flow component will be slowly convergent. 
A discussion of this state of affairs has been given by Lock (1958) whose extension 
is mentioned below. Fuselages with polygonal cross-sections have been considered 
for the equivalent symmetric problem by Lagerstrom & Van Dyke (1949), and 
the almost rectangular cross-section has been treated by Ting (1957). 

In the present paper, reverse-flow relations are used to provide useful expres- 
sions for the supersonic aerodynamic forces acting on the configuration described. 
The drag, lift, spanwise and chordwise lift distributions, and wing moments are 
considered. Such relations are obtained by choosing in the reverse flow either 
a wing alone, a fuselage alone, or a wing and a fuselage which interfere in the 
absence of interference flows so that mutual distortion occurs. The geometry of 
these bodies is so chosen to produce the desired force expressions in the reverse- 


flow relations. Prominent in the results are mixed-drag expressions that require 
the integration of the pressure in forward flow over the slopes of the stream 
surfaces of the reverse flow which are near the reference surface. The technique 
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was introduced by Clarke (1959) in connexion with arrangements of separated 
interfering finite bodies which are not necessarily quasi-cylindrical. The expres- 
sions obtained for the aerodynamic forces require that the solution for the 
perturbation flow be determined only on the region of =, that is influenced by the 
wing in reverse flow (the region is assumed throughout not to extend downstream 
of the wing-fuselage junction in forward flow). This is the hatched and cross- 
hatched portion of &, shown in figure 1. The result appears to introduce an 
essential simplification, no matter what method is used to compute the flow. 
When fuselage contouring is absent, the results are particularly simple. 

Again considering that the fuselage incidence is suppressed, suppose further 
that the leading edge of the wing is supersonic along the segments, denoted on the 
right panel by E./, which are within the region of dependence of the cited portion 
of X,. Also suppose that the contours either vanish or are vertically symmetric on 
the portion of &, within the region of dependence of EJ and its counterpart on the 
left. This is the hatched surface bounded on the upper side by curve EAG. Then 
the required perturbation pressure on &, may be determined by solving two 
equivalent symmetric problems, although the presence of an afterbody and any 
subsonic edge segments would exclude this formulation for the full problem.+ In 
the case of quasi-cylinders of almost circular cross-section, the calculation of this 
pressure is then a routine matter, with use of the tables discussed, since it is 
required only on the surface of the cylinder. 

The reverse-flow field of at least the afterbody of the isolated fuselage is 
required on &, (i.e. off X,) in certain of the drag expressions, however, and this 
introduces additional labour unless the few values in the table suffice for this 
purpose. But a convenient drag expression is obtained for the case where the 
prescribed configuration is immediately reducible to equivalent symmetric prob- 
lems which eliminates the need to calculate the flow of any infinite quasi-cylinder 
off its surface. Most of the results discussed require the introduction of the 
reverse-flow fields of certain isolated wings. Consideration of the complexity of 
the wing-fuselage interference problem suggests that this exchange of labour is 
a highly desirable one, since the wing problems have received extensive study. In 
fact, the supersonic flow fields of certain wings are now tabulated in the literature. 
In all cases the simplification achieved in the forward flow has to be compared 
with the calculations introduced in the reverse flow. And the advantage of the 
expressions obtained is, of course, assessed by comparison with the corre- 
sponding direct calculation. 

A number of theorems concerning the lift of wing-fuselage combinations appear 
in the literature. Reverse-flow considerations have been used to relate the lift on 
a prescribed configuration to that on a simpler one (Lawrence & Flax 1954); 
these results can be used to arrive at the configuration to be actually analysed 
with the present lift results. Flax (1953) has given a Trefftz plane theorem for the 
fuselage lift; this arises naturally in the present work in a slightly more general 
form. When the flow field of the wing in reverse flow is two-dimensional, there 
appears, as an important special case of the transverse foree expression, the 


+ When the given combination fulfils these geometric requirements in the reverse flow 
instead of the forward flow, the simplifications still obtain in the case of the drag. 





214 Joseph H. Clarke 


integral relation which was obtained by Ferri, Clarke & Ting (1957) for a fuselage 
of quasi-rectangular cross-section by physical reasoning. This was generalized by 
Ting (1959) to an arbitrary cross-section by a method that amounts to application 
of the hyperbolic divergence theorem to the region enclosed by the trailing edge 
Mach planes in reverse flow and the foremost Mach surface in forward flow. 
Lawrence & Flax (1954) had deduced a special version of this integral relation 
earlier from reverse-flow considerations. For the case of quasi-cylinders of almost 
circular section, Lock has tabulated the values of cylinder-pressure integrals 
which extend over lateral lines from the cylinder surface to the limit of distur- 
bance. These tables can be used to compute the forces on certain simple wings 
without need for the functions W,(z,r) for r > 1. But the wing lift and pitching 
moment are otherwise given by the integral relation discussed; the tables are, 
however, useful in the determination of rolling moment. 

The reverse-flow theorem for finite bodies with cylindrical reference surfaces 
was given by Ursell & Ward (1950). Flax (1953) established that the theorem still 
holds for a wing-fuselage combination with an infinite fuselage at incidence if the 
latter is a true cylinder. Lawrence & Flax (1954) state the theorem in reference to 
a combination with an infinite cylinder at zero incidence which may be contoured 
in addition near the wing. In the present paper, necessary and sufficient condi- 
tions for the reverse-flow theorem to hold are derived for the case of boundaries 
composed of a wing mounted on an infinite quasi-cylinder. For the reverse flows 
of interest herein, the wing cross-flow on &, produces distortions which extend to 
infinity unattenuated; it is found that the reverse-flow theorem fails to apply 
unless the important fuselage incidence in forward flow is suppressed. This 
obstacle to the investigation just outlined is removed by constructing a con- 
figuration which is equipollent+ to the prescribed one and which has zero fuselage 
incidence and extra wing warp; the two configurations differ by a two-dimensional 
cylinder flow. The given and equipollent configurations are shown to support 
identical aerodynamic forces, hence the name. 

The first two sections of the paper are concerned, respectively, with the 
reverse-flow theorem for an infinite quasi-cylinder in combination with a wing, 
and with the construction of the equipollent configuration. The next section deals 
with lift, the spanwise and chordwise lift distribution, and wing moments. The 
final, most extensive section treats the drag, the aerodynamic force of principal 
interest in the paper. 


2. Reverse-flow relation for infinite quasi-cylinder in combination 

with wing 
Let i, j, and k be unit vectors in the directions of the streamwise co-ordinate x, 
the lateral co-ordinate y, and the transverse co-ordinate z, respectively. Let the 
remote stream have a uniform velocity U = Ui, where U 2 0, a density p>, and 
a Mach number WV > 1. If the steady fluid velocity is written U+V, then the 
small perturbation velocity V = wi+ vj + wk is governed by the linear equations 
V.W=0, Vx¥<=90, (1) 


+ For the definition of this term, see e.g. Principles of Mechanics, by Synge & Griffith, 


2nd ed., p. 260. 
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where —-B? 0 0 
W=090.V, O= 0 1 O|, (2) 
0 Qo | 


and B = ,/(M*—1). The boundary condition on the body surface may be written 
V.N= —-U.n ony, (3) 


where & = X, +2, is the reference surface of the combination, N is the outward 
unit normal to the reference surface, and n is the outward unit normal to the body 
surface. The perturbation pressure p is related to V by 


p= —p,U.V. (4) 


Using the approach of Ursell & Ward (1950; see also, Ward 1955), we now 
consider the conditions under which a useful reverse-flow relation can be written 
when combinations of the type discussed appear in both forward and reverse flow. 
In accord with previous remarks, we admit the additional possibility here that 
interference flows are not used in one or both directions, so that the boundaries 
are those associated with only the isolated flows; the consequence of present 
interest is that the wing-induced cross-flow produces additional distortions on the 
fuselage which extend downstream unattenuated. Far downstream in the Trefftz 
plane of two-dimensional flow, a trailing vortex system streams past an inclined 
cylinder, possibly distorting it. We then bear in mind two classes of boundaries in 
each flow direction. Let U,, > 0denotea forward flow incident upon a combination 
with surface normal n,,, and let U, = —U, < 0 denote a reverse flow (with equal 
values of p, and ™) incident upon a combination with surface normal n,. The 
bodies have the same reference surface. The perturbation velocities and pressures 
satisfy (1) to (4), written with subscript F and R, respectively. 

We begin with the volume-surface integral identity 


a 


| (VeWr.n+V_pWy.n—-Vy.W,n) dS 
JS 
T 4 Al Pa 
o | [V,V.W,+V,pV.Wy—-Wryx (Vx Vp) -Wyex(VxVy)]dT, (5) 
JT 
where 7’ is the region interior to a closed surface S with outward normal n. We 
enclose & by two right circular semi-cylinders which are separated by the (x, y)- 
plane. We apply (5) separately to two regions 7' and add the result; the upper 
region is interior to the cylindrical surface, the reference surface £,, the upper 
side of the (x, y)-plane, and the annular parts of the cylinder bases exterior to &; 
the lower region is similar. The annular bases S(x = +00) and S(x = —oo) are 
located infinitely far from the wing; the radius of the semi-cylinders is regarded 
as indefinitely large. The right-hand side of (5) vanishes because of (1). The scalar 
product of (5) and U,, then gives 
vS 

The integrations in (6) over the cylindrical surfaces vanish, as do those over the 
portion of the (x, y)-plane which is free of discontinuities. It is noted that the 
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initial flow in each direction is two-dimensional. After using (3) and (4), we 
obtain 


(ppNp-i+ ppNp,.i)dS = py 


> 





(Uptpt+WpWp) dS 
J S(rz=+@) 


—Po 





(UpUpt+Wplp) ds. (7) 
J S(x x) 
It is important to note that the wing planforms in the two directions over the 
common reference plane may be different; &, then refers to the composite plan- 
form. We may regard each wing to be extended outward over a surface which is 
free of thickness and loading in order to fill &. The additional terms which can 
arise at singular wing edges have been disregarded in (7); for a discussion of this 
matter from the present point of view, see Clarke (19596). When the right-hand 
side of (7) vanishes, it then assumes the form of the Ursell-Ward reverse-flow 
theorem for finite quasi-cylinders. 

In order to effect a rearrangement of the right-hand side of (7), we introduce 
a variant of a well-known decomposition of boundaries (Lagerstrom & Van Dyke 
1949; Flax 1953). Let V,=V,,7+ Vi, (8) 
and Ve = Vicrt Ve (9) 
where V,,, is the two-dimensional perturbation velocity in forward flow 
induced by the cylinder obtained from a rotation of the reference surface ¥, 
through an angle «,;, the fuselage incidence in forward flow. When the latter is 
zero, (8) is trivial. The perturbation flow Vj, actually defined by (8), is seen to 
satisfy the boundary conditions for the combinations discussed for the case 
41” = 0, except that the wing has an extra warp which is just sufficient to cancel 
the upwash on &, from V,,,,when V,, ,,-is added to V%. to obtain V ,,. The discussion 
of the reverse flows introduced in (9), involving the fuselage incidence a, ,, is 
analogous. The flows Vj, and V7, inelude any fuselage distortions resulting from 
the wing cross-flow; for reasons that will appear below, we shall refer to the 
boundaries associated with these flows as the equipollent configurations. 
Substituting (8) and (9) into the right-hand side of (7), we obtain 


* 


y* a, oF ay, y ; yk ’ rd y 
(Crier t+ UPU aR) US — py (VaR + Migr UR) US 


S(r 2) 








+ Po | (CFVR t ViaFM ian) US — po | (arise t+ Var aR) WS, 

2 S(z + 0) J S(r x) (10) 

where the sum of the last two integrals vanishes. The first integral can be rewritten 
as a line integral with use of the two-dimensional form of Green’s theorem by 


noting that ark Ow . 
=@0 on S(x = +0), 


and by introducing the perturbation potential defined by V,,, = V¢,,,n. The 
treatment of the second integral is analogous. Equation (7) finally becomes 
(PyNp.i+ ppMy.i)dS 


> 
Ja 


. . 


- f * A 
_ pop drarVE.Ndo+ pop 
Xi(r=+ ©) 


J U(x x 


Pe ee, (11) 
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where do is an element of the inner bounding curve of S(z = +00) denoted by 
x, (% = +00). 

The condition for the existence of the required reverse-flow relation is that the 
right-hand side of (11) vanish. If fuselage distortion due to wing-induced cross- 
flow is not present in forward flow, the equipollent combination exhibits an 
undeflected cylinder downstream and Vj..N = 0 on £,(x = +0). If the analo- 
gous situation also prevails in reverse flow, then, under these conventional condi- 
tions, the right-hand side of (11) does, in fact, vanish. But if, for example, 
distortion appears in reverse flow, Vj7,.N + 0 on &,(z = —oo) and the last 
integral in (11) vanishes only if «, ,, and therefore ¢,, », is zero; a restriction on the 
choice of forward flows therefore arises which bears on the subsequent develop- 
ment. If a, = &p = 0, distortions may occur in both flow directions. Equation 
(11) still holds if the reference surface for the wing is not a plane. 


3. Relation between forces acting on prescribed combination and its 
equipollent combination 

We have seen that if fuselage distortions are permitted in the reverse flow, 
whatever the combination chosen, then fuselage incidence in forward flow 
cannot be treated. In this regard, let us relate the drag in forward flow of the 
prescribed combination to the drag of its equipollent combination. If the drag D 
is defined as the component of the force in the direction of the incident stream, 
then, in general, . 
D=—(U/|U)) | pn.idS (12) 


in the absence of wing-edge forces. For the prescribed configuration in forward 


flow, we then have, using (3), 


ir 
Dy = [7 PrVp.Nds. (13) 
FJz 
From the decomposition (8), 
Pr = Prurt PP (14) 
where, significantly, Piap = 9. (15) 


With use of (8), (14), and (15), (13) becomes 


Pr Vier: NdS. (16) 


va 


Dy = pr Vie-NdS+ 


] ] 
Us. Uy 
We now show that the last term vanishes. 

We take for the forward flow in (11) 
Vy = V3. (17) 


The flow V,, , induced on the inclined cylinder, whose normal is n,, ,, satisfies the 
boundary condition : : ‘ ‘a 
Vier-N = —Upn,,y-i on 2). (18) 
Then let V,, in (11) satisfy 
tas . ‘ = 
Ve. N = —Upn,,r-i on 2. (19) 
The solution for V,, satisfying (19) and the boundary conditions at infinity is 


Vr= —Viar- (20) 
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The combination in reverse flow has for its wing on L, the stream surface of the 
two-dimensional cylinder flow chosen. When (17) and (20) are used in (11), the 
last three terms vanish, and we obtain 


| prDior: idS = (), 


ir 
or : | Pie Viar- NdS = 0. (21) 
Un dy ‘i 


Equations (16) and (21) give 
D, = D¥. (22) 


Thus, the drag of the prescribed configuration and the drag D7. of the equipol- 
lent configuration are equal. The boundaries of each produce the same pressure 
field, from (14); the equipollent configuration has zero fuselage incidence but 
a greater angle-of-attack distribution over the wing, and the two deviations in 
slope are seen to balance. The surface inclination does not enter into the calcula- 
tion of the remaining aerodynamic forces and moments on &, so that these will 
certainly be the same for both configurations, by virtue of (14). The equipollent 
combination is readily found from any prescribed combination by determining 
the associated cylinder upwash field of the latter on &,. We shall hereafter concern 
ourselves with determining forces and moments on the equipollent combination. 
Otherwise stated, the fuselage incident ~,, in the combination of interest may 
subsequently be considered to be zero without loss in generality. We also discard 
in this connexion the designation (_)*, which we shall later use differently. 


4. Transverse forces and moments supported by wing in combination 
of interest 


In order to obtain convenient expressions for the transverse forces and the 
moments supported on the wing panels in forward flow, it is convenient to con- 
sider an isolated wing, which passes through &, arbitrarily, for the reverse flow. 
The geometry of the wing is so chosen to produce the desired expression in the 
reverse-flow relation. The boundary of the region of influence on £, of the reverse 
flow is indicated by the curve FCH on the upper side of &, in figure 1 and a similar 
curve on the lower side. To apply (11) we consider that the reverse flow includes 
a fictitious fuselage constructed from a stream surface of the isolated wing flow 
which begins as the cylinder =, in the undisturbed stream. Our reverse flow is 
then a special case of that considered in connexion with the reverse-flow relation. 
Since the right-hand side vanishes, (11) gives, with use of (3), the relation 

‘; .V oe ‘V2.INaS = 
i PE RoNG U, 1? RNG 


PpNp.idS. (23) 
EJS i 


Suppose that the isolated wing is a lifting surface without thickness. Then the 
boundary condition which defines the reverse flow is conveniently written 


Wp = —Upnap(x,y) on the (x, y)-plane, (24) 
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where «;,(2, y) is the angle-of-attack distribution. With use of (24), (23) provides 
the following expression for the transverse forces and moments on the wing 


oe — , 1 [¢ 
[ lLpap(a,y)dS = | ppmyp.idS+ [ Prnp.idS a PrVr-NdS, (25) 
Jd; JX, Jd: RJX 
where &, is one side of &,, and 1, is the lift distribution across £3 in forward flow. 
Consider the left-hand side of (25). To construct the lift over any portion &}* of 
S3, let the reverse planform be the same as the forward planform, and take 


| k on %,* 


Aan = 
R ar 
Oo ot~% 


oF 
" (26) 
where & is a constant. The left-hand side is then k times the required lift. The 
spanwise or chordwise lift distribution follows from two such results by subtrac- 
tion. The pitching moment about the y-axis, produced over any portion &3* of 
y; is constructed by replacing k by — kz in (26). The left-hand side of (25) is then k 
times the required moment. The treatment of rolling moment is similar. 

Following choice of ~,, the first and second integrals on the right-hand side of 
(25) are to be evaluated as indicated. Note that the slope —n,.i vanishes on ©, 
for x < x;. Evaluation of the third integral requires, in addition to the cross-flow 
V-N, the solution for p; on &, upstream of the bounding curve FCH and its 
lower counterpart. This is the hatched and cross-hatched region of &, (figure 1). 
We have already mentioned that (i) if the wing leading edge and upstream 
fuselage contours are appropriatey (as suggested by the hatching on &, and &)), 
the problem can be reduced to two equivalent symmetric problems, and (ii) in the 
case of infinite quasi-cylinders of almost circular cross-section, the calculation of 
p, is then a routine matter, because the solution is not required off 2). 

The advantage in the use of (25) appears by comparing the procedure required 
to evaluate the right-hand side with the procedure required to evaluate the left- 
hand side straightforwardly. Notice that the half-space formulation is possible in 
the former case for a much broader class of wing planforms than in the latter case. 

An interesting special case occurs when the reverse flow is two-dimensional on 
x, and on the portion of &, where n,.i + 0. In the choice of the planform in 
reverse flow, care must be used to avoid pressure integrations on &, over deflected 
forward-flow stream surfaces which are off the forward-flow planform, since these 
are unknown. Thus, take the straight unswept leading edge of the reverse-flow 
planform to lie upstream of the trailing edge and any subsonic leading edges of the 
forward-flow planform. Take the reverse-flow trailing edge to lie along the 
remaining forward-flow leading edge. Let a, = «,(x) over &3*, the planform 
constructed (Z.MO in figure 1). The reverse flow will then be two-dimensional 
upstream of its trailing edge. Assume n,,.i = 0 within the domain of influence of 
the reverse-flow trailing edge (this gives bounding curves like ZAG in figure 1). 

+ It might sometimes be possible to relax the restriction that no unsymmetrical con- 
tours appear within the domain of dependence of EJ and its counterpart on the left panel. 
If the cross-flow from these contours in the plane of the wing forward of its leading edge 
can be evaluated, the wing can be extended forward along the computed stream surface 
with no change in the forces. The restriction is then fulfilled for the new boundary. 
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This special case, which simplifies (25), arises naturally in the procedure outlined 
when it is applicable. We have 


z Ur L Plo | 
fated |z| B (e+ Bla|).| ai 


Since the left-hand side vanishes on ©} —X}*, (25) gives 


Lpa p(x) dS = (po UPB) | = ap(e+B |2|)mp.id 
J>;° Jz? |*| 


+ (py U%,/B) » ] %,(L) Mp. idS + | _ap(v+B\z|)ppN.kdS, (28) 
Jd. |~| Ji! 
where L* is the part of X, influenced by the reverse flow. 

The chordwise lift distribution on the wing is found by taking a,(x) as an 
impulse function, so that the reverse-flow disturbance vanishes except between 
two pairs of adjacent Mach planes. The left-hand side is proportional to the wing 
lift on the lateral strip. The first two terms on the right-hand side are proportional 
to the integral of the included slope along both sides of Y, and the third integral is 
proportional to the fuselage lift between the four Mach planes. To find the lift on 
X35, take a, = k. Equation (28) becomes 


. . eg ~ 


L,dS ppeN.kdS + (p,U3,/B) —;Mp.idS. (29) 
Jzye Jz? seize [2 

The left-hand side is the required lift. As just noted, it happens that the first 
term on the right-hand side is the negative of the forward-flow fuselage lift over 
Lf. This term is to be evaluated, as before, from the partial solution for p,, (given 
here by equivalent symmetric problems). But if we want the lift over both wing 
and fuselage forward of the Mach planes attached to the reverse-flow leading edge, 
then this sum is given at once in (29) by a surface integral of the prescribed slope 
over L{+X3. To find the pitching moment about the y-axis produced by the 
distribution /,, over %3, let x, = —kx in (28). The left-hand side of (28) is k times 
the required moment, but the last term in (28) is not the pitching moment 
produced over Lf. 

Further results using a wing which induces a two-dimensional reverse flow can 
be obtained from (23); the integral relation for the chordwise lift distribution, 
together with certain associated results, has been given by Ferri et al. (1957) and 
by Ting (1959) using other methods. 

Having found the lift, as well as other information, for the wing by using an 
isolated wing in reverse flow, it is only natural to inquire whether a useful 
expression for the lift on the fuselage can be obtained by using an isolated fuselage 
in reverse flow. Since forward fuselage incidence is admissible in (11) in this case, 
we may then work with the original prescribed combination, as well as with its 
equipollent combination. The calculation is virtually the same as the one in § 3. 
We take for the boundary in reverse flow the infinite cylinder, with normal n,, p, 
which can be obtained from rotation of the reference surface ©, through an 
incidence &, . Thus 


Nir =N+%pjxN and ny, p.i = a,2N.K. (30) 
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The reverse flow V,,;, satisfies the boundary condition 


Vier -N = —Upni,r-i on 2. (31) 
Kquation (11) gives 
‘ ir 
| PrOar idS— 7; —PrVizr-NdS = 0. (32) 
With use of (30), we obtain from (32) 
‘ T Y l : ’ 96 
a ee Tass, Jet wian tS. (33) 


The left-hand side is the fuselage lift L,,. Noting that (¢/¢x) w,,, = 0, and letting 
V,.. = Vé,p. we can also write (33) as 


Lie = (Po/%1r) | AG pyar dy. (34) 


where Ad, is the difference in the velocity potential from the upper to the lower 
side of the wing, evaluated at the trailing edge. The integration extends from left 
tip to right tip along the exposed trailing edge. But it may also be evaluated 
along the wing traces in the Trefftz plane (since the integrand is independent of x 
in the wake), and we then recognize (34) as the Trefftz plane theorem of Flax 
(1953), extended slightly here to admit fuselage incidence, but written for 
a planar wing. We have already discussed how to calculate the spanwise lift 
distribution required in (33) and (34): the calculation of the two-dimensional 


reverse cross-flow w,,,p is no problem. 


5. Drag of combination of interest 
Combination not reducible to equivalent symmetric problems 

We now seek to obtain useful expressions for the drag of the combination of 
interest, and, in this connexion, consider first the general case where the planform 
and contours are such that the problem cannot, in the first instance, be reduced to 
two equivalent symmetric problems—especially because of downstream con- 
touring or trailing edges with subsonic segments. Since the drag of this combina- 
tion is, according to (11), the same in each direction (aside from edge force 
considerations), the direction chosen as the forward flow is a matter of convenience 
in the light of what follows. We note that, in accordance with the remarks made in 
the first paragraph of the introduction, the forward flow can be written as the sum 
of four flows as follows, in the order named 


Ve = Virt+ Vort Virt Vor- (35) 

The direct computation of the last two terms would probably be carried out using 

the non-terminating process discussed in the third paragraph. Equation (35) 
suggests the choice for the reverse flow 

T T 2G 

Vie = Vint Vor: (36) 

where the reverse flow past the isolated fuselage V,,, satisfies the boundary 


condition : : . : as 
Vir-N = —Up.ny on d,, (37) 
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and the reverse flow past the isolated wing V,., satisfies the boundary condition 
Var-N = —U,.n, on Le. (38) 


Here n,, is the normal to the combination of interest in forward flow. The two 
isolated wings would normally be extended inside &, in the same way. It is 
apparent that the reverse flow exhibits distortion of the type discussed. 

Substituting (36) into (11), rearranging, and using (37) and (38), the drag in 
forward flow appears in the relation; we obtain 


Dy=-| ppmy.idS =| pypmp-idS+ | papmy-ids 
>» >» » 
va eo 1 J = 


, _ 
Pry Vir: Nd, 
Ji, R 


. . . | é a ; 

T | PopNp.idS — | PFT; Var-NdS+ PipNp.idS — 
JX, JX, R JX; 

(39) 


where Pp = Pip t Por. Equation (39) for the drag in forward flow requires 
determination of p, on the now established hatched and cross-hatched region of 
y,. In addition, p,,is also required over the portion of &, on which the cross-flow 
from the isolated fuselage in reverse flow is different from zero; but we shall 
shortly see that this term can be eliminated if desired. If the upstream contouring 
and the wing edges are suitable, p, on X, and &, can then be determined by 
solving two equivalent symmetric problems, since the solution is required only 
upstream of the trailing edge. Further, the cross-flow and pressure induced by 
the isolated fuselage in reverse flow is required by (39) off &,; however, the next to 
last integral, involving p,,, vanishes when the wing thickness is zero. While still 
requiring a complex calculation, (39) permits, with suitable geometry, a reduction 
of the full problem to a (finite) number of isolated quasi-cylinders and isolated 
wings. In the case of quasi-cylinders of almost circular section, the particular 
difficulty is in finding the flow off <,. 

Equation (39) is particularly useful when the fuselage contours extend down- 
stream but are limited in type or extent upstream. An interesting application is 
illustrated in figure 2, which shows a fuselage which is contoured for favourable 
interference upstream, and which terminates at a base along the wing trailing 
edge. Equation (22) does not apply, since the fuselage is only semi-infinite, but 
suppose the prescribed fuselage incidence is zero. The drag is unchanged by 
extending the fuselage cylindrically downstream, and then reversing the flow 
direction. If the latter is regarded as the forward flow, the combination then 
exhibits the features just discussed. 

As a commonly treated special case, suppose n,,.i = 0 on X,, so that V,;, = 0. 
Equation (39) reduces to the simple result 

Dy, = PopNp-idS — , Pr Var-NdS (40) 
k Perle PFU, 2 


« ry 


The integral containing the required p, extends over the portion of the cross- 
hatched surface labelled EBGH DFE in figure 1; the curve EBG bounds the region 
of influence on ¥, of the forward flow. The condition for the reduction of the 
problem of finding p, to equivalent symmetric problems is merely that the 
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leading edge segment EJ and its left-hand counterpart be supersonic. Equa- 
tion (40) is much simpler than a direct calculation, even when the latter can be 
made with equivalent symmetric problems. The drag D, is, of course, supported 
solely on the wing panels, and (40) resembles (25) because we now have only 
a wing in the reverse flow; when the reverse flow is two-dimensional, similar 
considerations can be applied to (40) as well. 

We now show that it is possible to eliminate the last integral in (39), which 
requires determination of p, on &,. The situation will then revert to that dis- 
cussed in the introduction. First, the elimination of this term greatly weakens the 
conditions for a half-space formulation for the forward flow, these conditions 


+7/\+ 














FicuRE 2. Example of combination with contoured fuselage. 


reverting to those initially given. Secondly, within the half-space formulation, 
the two quasi-cylinder flow calculations on each side of the (x, y)-plane off &, are 
no longer necessary; two of these four are apt to be slowly convergent. The 
necessity of finding the reverse flow induced by the isolated fuselage on &, will, 
however, remain. The last term in (39) is readily rewritten as 


. 


l sins 
PFT -Vir.NdS = — eye. (41) 


J % “ie vy = 


Introduce a planar wing over &,, with flow field V¥,,, which satisfies the boundary 


condition wt 
2 . ‘ 
— =-—a%, on, (42) 
R 
and the relation Wer = Wyp on Le. (43) 


This defines «3,. The wing is extended through &, arbitrarily. Substituting (42) 
and (43) into (41), we obtain for the right-hand side of (41) 


p 


| 5 LpQ3r ds. 
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We have already evaluated this expression in (25). Inserting (25) in (41) and (41) 
in (39), we now obtain for the drag of the combination of interest in forward flow 


Dy = Pip Mp-idS + | (Por — Pop) Mp-idS + | (Por — P23) Op.idS 


ra 
PirMy. idS + | Pr qz(Vin—Var)-NdS. (44) 
JX, R 


s 
J a2 


Combination symmetric or reducible to equivalent symmetric problems 


We next discuss the drag of the combination of interest for the case where the 
planform and contours permit reduction to equivalent symmetric problems in the 
first instance. Thus all wing edges are supersonic. On &,, n,.i = 0 downstream 
of curve F DH and its counterpart below, where F DH is the bounding curve of the 
region of influence on ©, of the wing trailing edges. Similarly n,,.i = 0 forward of 
a pair of curves like HAG. The case where the original prescribed combination is 
symmetric about the (x, y)-plane is also included. In this case, much simpler than 
the preceding one, the forward flow for either equivalent symmetric problem is 


given by (35), where o c 
: ‘p= 0. (45) 


$v definition, the drag in forward flow is 


D,=— | ppnyp.idS—| ppny.ids. (46) 


o— 


. 


where the pressure on each side of the wing is given by a different expression of the 
form Py = Pip +Piet Pop. It is generally true that the determination of the first 
two pressures on &, is easier than on X,; for quasi-cylinders of almost circular 
section, this is certainly the case, for the reasons discussed. If we regard as 
immaterial the flow direction in which the self-induced wing drag is computed, it 
is then desirable to eliminate the last integral in (46) entirely with the technique 
used for transverse forces on the wing. Therefore, choose V,, for the forward flow, 
and take for the reverse flow the flow past the same isolated wing V,;,, so that (38) 
is satisfied. Equation (23), together with the remarks which precede it, applies 
to the last integral in (46), where V,, becomes V,,,. Equation (46) assumes the 
form 

Dy — Pop My.idS nt PopNyp.idS — ppny.idS — | Pp 

5» : Jz Rb 


l 


F + Vor . N ds. 
Un * 


(47) 


To use (47), the pressure and cross-flow induced on ¥, by the wing must be 
known in both forward and reverse flow. The pressures p, and p; , are required 
only on &,, as intended. This solves Lock’s problem (1958). Because of the next 
to last integral, we have deviated somewhat from the general statement in the 
introduction that the solution in forward flow is required only on the hatched and 
cross-hatched parts of &,; however, the extra integration downstream of FCH 


introduces no particular complication in this case. No reverse quasi-cylinder 
flows appear in (47). Ifn,,..i = 0on ,, (47) reduces to (40) because the distinction 
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between the two approaches then vanishes. Generally, the first approach can be 
applied to the second case considered as well as to the first, but is considerably 
less convenient, since it evidently requires a reverse-flow quasi-cylinder calcula- 
tion both on &, and &). 


A synthetic approach 


Suppose that asymmetric contours vanish on the hatched portion of ©, and that 
the wing leading edges are supersonic at least along EJ and its counterpart on the 
left. Then we can determine p, on =, from the equivalent symmetric problems 
downstream at least to curve FCH and its counterpart below. If all wing edges 
are supersonic, we might be able to find p,, on &, in this way downstream to F DH 
and its counterpart below. Take a closed curve C on ©, which lies between FCH, 
F DH, and their counterparts below; suppose C to bound the region of ©, over 
which p, can be computed from equivalent symmetric problems. A re-examina- 
tion of (47) shows that it applies to the present case as well, but », in the next to 
the last integral is very difficult to evaluate on X=, downstream of C. Let 


Dy = Dor + Dip, (48) 


where D,,,, is given by (47), the next to last integral thereof being carried down- 
stream only to C; as has been discussed, this is a convenient expression. The term 
D¥,, is the remainder of the drag, which is supported only on &, downstream of C. 
We shall evaluate D¥,, with a variant of the first approach given. 

Take as the forward flow the combination of interest with the boundary 


condition : 
Vy.-N = —U,.ny, on. (49) 
Take the reverse flow Vj, as that past an infinite quasi-cylinder, and such that 


( cal Up . Ny on. = 
in-N = | . : (50) 
l oO on =, — =f, 
where <j is the part of &, between C and the plane x = x,. Using (49) and (50) in 
(11), we obtain 


a e 


; j t 1 
Diy =—| prny.idS = | PirNyp-idS+ |] pipny.idS — Pra Vir. NdS. 
=? JX, JX; JX, R 


(51) 
We may eliminate the last integral in (51) with the same method used in the first 


approach. Introduce a planar wing over ,, with flow field V3,,, which satisfies 
the boundary condition 


Wp ee a 
7. = —~%r ON 2 (52) 
R 
and the relation 
wk vk . me 
Weep = Wir on Xo. (53) 


With use of (25), (51) may then be written 
P ‘ ee BY een , 
(Pin— Pir) Mp.idS+) pp hi Vonr-Nds. 
Jt R 
(54) 
15 Fluid Mech. 8 


Dtyp = (Pin — Pre) Mp.idS + 


« 1 ag 
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Equation (54) requires p, only on the now established region of &,. But p;has 
already been evaluated on this region in connexion with Do». In eliminating the 
need for p,,on Xf, we have introduced the flow fields of one infinite quasi-cylinder 
and one wing. 

Applied to the present problem, (44) and the sum of (47) and (54) are seen to 
employ essentially the same devices, although in a somewhat different manner. 
Both introduce two isolated wings in reverse flow. From the point of view taken 
in this investigation, both suffer the residual disadvantage of requiring the 
pressure and cross-flow of one infinite quasi-cylinder on &, (i.e. off £,). But it is in 
this respect that the third approach excels the first. First, the geometry of its 
quasi-cylinder is apt to be simpler. Secondly, and more important, its quasi- 
cylinder flow on &, enters only the second part of the drag, so that the result is 
less sensitive to approximation. 

Finally, let us reconsider the general case where the planform is arbitrary and 
the contours on =, are arbitrary as well over the interval 2; < x < a,. Setting 
aside considerations of reduction to equivalent symmetric problems, we see, upon 
re-examination, that (48), (47), and (54) are still applicable expressions for D,. If 
we want to minimize the region of £, on which p, must be found, and also reduce 
the importance in (48) of the reverse flow of the infinite quasi-cylinder on &, (in 
accordance with the remarks in the last paragraph), we choose the curve C to be 
coincident with FCH and its counterpart below. The resulting relation (48) is 
then preferable to (44). 
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Laminar convection in uniformly heated vertical pipes 


By B. R. MORTON 


Department of Mathematics, Manchester University 
(Received 15 October 1959) 


An exact solution is presented in this paper for the problem of laminar con- 
vective flow under a pressure gradient along a vertical pipe, the walls of which 
are heated or cooled uniformly; the solution is based on the assumption that 
velocity and buoyancy profiles far from the pipe entrance do not change with 
height, and entry-length effects are ignored. Two different types of behaviour 
are found accordingly as the pressure gradient and buoyancy forces act together 
or in opposition near the centre of the pipe. 

When an upflow is heated (or a downflow cooled) the velocity near the walls is 
increased relatively and that near the axis decreased until, for sufficiently large 
Rayleigh numbers, definite velocity and thermal boundary layers are formed. 

In the case of cooled upflow (or heated downflow) there is an increase in the 
velocity across the whole profile for small Rayleigh numbers. As the Rayleigh 
number is increased the velocity and buoyancy increase, slowly at first and then 
rapidly, and the solution ‘runs away’ at a Rayleigh number of about 33. For 
higher Rayleigh numbers, laminar Poiseuille flow of an increasingly complicated 
profile is theoretically possible, but is unlikely to be found in practise. 


1. Introduction 

Thermal convection consists of the transport of heat by a moving fluid in 
which local variations of temperature (and hence of density) produce a dis- 
tributed buoyancy force that itself modifies the pattern of flow. This interaction 
of velocity and density fields is the essential feature of convection: hence, to find 
the convective flow in a heated pipe, both the velocity and temperature fields 
must be determined together throughout the whole region of flow. 

Solutions of this kind are usually difficult to find, and so only the specially 
simple categories of forced and natural convection have been studied theoretic- 
ally in any detail. In forced convection the density of the flow is regarded as 
entirely unaffected by the heat transported, which therefore acts only to ‘mark’ 
parts of the fluid passing near certain boundaries. These marked elements are 
then swept away in the flow produced by externally applied forces, and are 
distributed throughout the region by convection and diffusion without affecting 
the field of flow in any way. Mathematically the problem reduces to finding the 
temperature distribution due to heated or cooled boundaries in a specified 
velocity field. The analysis is particularly simple for the case of Poiseuille flow 
in a straight pipe of circular section with walls maintained at a uniform tem- 
perature gradient (which corresponds very nearly with uniform heating), and 
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this solution was given by Nusselt (1910; see also, Goldstein 1938, p. 622). 
The solution is, of course, independent of the orientation of the pipe, and it 
predicts a Nusselt number of 6 based on pipe diameter and mean temperature 
across a section (or 48/11 if based on a mean temperature weighted with respect 
to velocity). The motion of a fluid in natural convection is caused solely by buoy- 
ancy forces due to the action of some field of force on the unevenly unheated 
fluid. In a gravitational field the velocities established are generally small, but 
there may be vigorous motion in other fields (notably in rotating systems, e.g. the 
use of the thermosyphon for cooling turbine blades). A power series solution in 
terms cf the Rayleigh number can be obtained for natural convection in a 
vertical pipe when the rate of heating is low. 

Neither of these solutions can be expected to give an adequate idea of ‘mixed’ 
thermal convection in a vertical pipe. The forced convection solution essentially 
represents a limit for vanishingly small heat transfer, and it can be used effec- 
tively only for small values of the ratio (characteristic buoyancy force) /(character- 
istic inertia force) for the system; in pipe convection this ratio may take large 
values. The natural convection solution predicts a weak flow which will in general 
show some dependence on time, and this would be dominated completely by the 
flow due to quite small superimposed pressure gradients along the pipe. Thus, 
neither forced nor natural convection solutions can be expected to give any 
real indication of the character of laminar convection in flow under a pressure 
gradient along a vertical, uniformly heated pipe. However, for this case a direct 
analysis of the problem is possible. 

The related two-dimensional problem of flow between vertical heated plates 
has been discussed by Ostrach in a number of reports (e.g. 1954, 1957), in which 
he has taken into account the effects due to frictional heating and to distributed 
heat sources in the fluid. The corresponding problem of laminar convection in a 
uniformly heated horizontal pipe has a very different solution with a secondary 
circulation in planes normal to the axis (see Morton 1959). 


2. Equations for steady laminar convection in vertical pipes 

If it is assumed that the kinematic viscosity v and the thermometric con- 
ductivity « are independent of temperature, and that variations in density are 
important only in so far as they give rise to buoyancy forces, then it seems 
reasonable to expect that a specially simple type of similarity solution will exist 
for laminar flow under a pressure gradient in a uniformly heated vertical pipe. 
The velocity profile for this solution will be the same at all sections sufficiently 
far from the pipe entrance, but all temperatures will increase linearly with dis- 
tance along the pipe (though the buoyancy profile will remain unchanged); also, 
there will be no component of velocity in sections normal to the axis. Although 
for real fluids there can be large temperature variations in v, and rather smaller 
ones in xk, the solution which will be obtained is still of interest because an 
important part of the flow behaviour arises from the combination of pressure 
gradient and buoyancy forces. If the temperature changes in diffusivity were 
taken into account also, there would be a progressive small modification of the 


similar profile shapes, but this would be a secondary effect. 
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There will be a linear temperature gradient along a uniformly heated vertical 
pipe carrying a convecting fluid stream, and either a constant rate of heat input 
per unit area of pipe wall, or a constant temperature gradient along the pipe 
wall may be taken as the thermal boundary condition at the pipe. Each can be 
important experimentally, but the latter condition will be chosen as it is slightly 
more convenient in the analysis. 

In Ostrach’s earlier work he calculated buoyancy forces on the fluid within 
the pipe relative to cool fluid at the same level outside the pipe. This was pre- 
sumably intended to model the case of a vertical pipe open at top and bottom; 
however, even in Ostrach’s case, it seems better to regard the fluid in the pipe as 
moving under an over-all pressure difference between the ends and the relative 
buoyancy forces within. For the idea of a buoyancy force is essentially related 
with immediate fluid contact in horizontal levels (for gravity-induced buoyancy). 
Although it is true that there will be a pressure difference between the open ends 
of a vertical pipe (with heated inner wall) due to the gross density difference of 
the fluid within and without, this will be distributed uniformly along the pipe 
only if the flow is the same at all levels. This cannot be the case in entry-length 
regions or in unheated or differently heated sections of the pipe; and in a pipe 
closed at one or both ends the local density of the external fluid is important only 
at an opening. Thus, it is better to divide buoyancy effects into ‘gross buoyancy’, 
which is more likely to be interpreted correctly when incorporated as a pressure 
distribution due to forces applied at particular parts of the system, and local 
buoyancy which is a force tending to cause relative rearrangement of neigh- 
bouring elements of fluid. 

Consider the steady flow of fluid with density p under a constant pressure 
gradient along a vertical pipe of radius a, the walls of which are maintained at a 
uniform temperature gradient 7/a in the direction of the axis. The system will be 
referred to cylindrical polar coordinates (x, 7, 6) with the x-axis directed vertically 
upwards along the pipe axis, and as there is axial symmetry the convection will 
be independent of ¢; the velocity components can be taken as u(r), 0,0 for the 
solution envisaged. Let the absolute temperature of the inner wall of the pipe 
be T,, = T,+7(x/a), and the temperature within the fluid 7 = 7,,—6(r); T, is 
the temperature of the pipe at the level of the origin and may be regarded as 
representative for the region of flow considered, so that v and « and the coefficient 
of cubical expansion f are evaluated at temperature 7,. The rate of heat flow 
through the wall per unit area is proportional to (07'/er),_, = —(d0/dr),_,,, and 
this is independent of x so that there is uniform heating or cooling. 

The equation of continuity is now satisfied identically, and the equations of 
motion and energy reduce to 

lep 
0=—-~ +)Viu-g, 
pcx 
1 cp 
5 ~ per’ 
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where p is the pressure and V? = 0?/¢r?+r—10/ér + 0?/cx?. The first of these 
equations (in which the only approximation that has been made is that the 
coefficient of viscosity, , is independent of temperature) can be written 


Op se 
O=- (= + Pw9) +pViu+(Py—P)g: 


and from the equation of state p = p,,.{1+/(T,,—T)}, 


— op 24, — 
O-= (5 + Pwd g) +HV3 u—p,fG(T,,—T), 


where the suffix w refers to conditions at the pipe wall. According to the assump- 
tions stated above, p,, is replaced now by pp, the reference density at the pipe 
wall at x = 0; and hence 


lop | . 
=_— — ) a f, 2 
0 (-2+8) +vViu— fg. (2) 


From equations (1) and (2) it follows that the pressure varies only in the 
direction of flow, and 


a =) a a 1 ° aja 


dr? rdr Po Cx (3) 
id 
agers 
(Gat dr) re 


The transformations r = aR, x = aX, u = (k/a) UU, 0 = 70 reduce equations (3) 
to the dimensionless form 
os l 
U =-y+AOsoenrz, 
(ane aa alia ceil, 
d? Pa. d Jo 
dk? TR dR 


(4) 
cue 


where A is the Rayleigh number /g |7| a3/kv based on the pipe radius and the 
change in temperature along the pipe in a length equal to the radius, and 
y = (a3/Kv)[(1/p,) (Cp/ex) +g]; sgn7 = +1 according as 7 2 0, respectively. The 
non-dimensional parameter y has the general form of a Reynolds number for the 
flow (a normal Reynolds number based on the mean velocity across a section of 
the pipe and on pipe-diameter is —(a3/4pv?)¢p/¢x) but with the important 
difference that it is based on the net upwards force at the pipe wall (the resultant 
of the pressure gradient and gravitational forces). Unlike the Reynolds number 
for ordinary pipe flow, there will be circumstances in which the sign of 
p-lép/éex +g will change in passing from the wall to the axis of the pipe, and these 
should result in a reversed flow near the axis. If © is eliminated from equations 
(4), the result is 

e 1 


+ so sg = ( € 
TR? nak) U+AU sgnt ), ( 


on 
ee 


When U has been determined, © can be found from the first equation of (4). 
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[t can be seen from equation (5) that the character of the solution depends on 
the direction in which the pipe temperature increases. The heating of cold fluid 
flowing upwards is basically the same as the cooling of hot fluid flowing down- 
wards—in each case the pressure and buoyancy forces oppose one another near 
the axis and reinforce near the wall. A different pattern of convection results when 
these forces reinforce near the axis, as in the cooling of hot fluid flowing upwards 
and the heating of cold fluid flowing downwards. 

Equation (5) is satisfied by the Bessel functions of zero order J,(aR) and 
Y,(a#) and by the modified Bessel functions of zero order J,(aR) and K,(aR), 


where at = — Asgnt. Hence the general solution is of the form 
U = ¢,J)(aR) +c, ¥,(aR) +c, h(aR)+¢e,K (aR), (6) 


where Cj, Cy, C3, Cy are arbitrary constants. This solution and the corresponding 
expressions for © must satisfy the boundary conditions 


T=T, and «=0, on r=aq; 
oT Cu 
—=0 and ~—=0, on r=0; 
or cr 


or in non-dimensional form 
©=0 and U=0, on R=1; 
d@ 7 dU 


0 ¢ - = 0, =U. 
dR and qR on R=0 


The corresponding non-dimensional boundary conditions for the solution of 
equation (5) in U are obtained with the aid of the first equation of (4): 


: ‘2 id\.. ; 
U=0 and am Rap) U=-y, on R=1; | ‘ 
‘ 
dU ad(#® 14\,, . 7 | 
re 0 and ap lam+ pap U=0, on R=0. 


The form taken by the solution depends on the sign of the temperature gradient 
(sgn 7) along the pipe wall, the two possible cases will now be treated separately. 


3. Convection when the pipe temperature increases with height 

The steady heating of ascending cool fluid and the steady cooling of descending 
hot fluid in a pipe are both included in the case sgn7 = 1,and a = (— A) = 4A, 
(The choice of i? for (— 1)! does not affect the generality of the solution.) For 
this case the general solution (6) takes the form 


U = c,J)(itAtR) +c, ¥,(itAtR) +c, 1,(itAtR) + ¢,K (it AtR). (8) 
This can also be written in the form 

U =, ber(A?R) +c, bei (AtR) +c, ker (A?R) +c, kei (A‘R), (9) 
where bera+ibeia = J(x ei) = J,(xei**) 


and kera+ikeiz = 47K,(xet™) = 4H) (x ei) 
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(see, for example, Jeffreys & Jeffreys 1950, Ch. 21), and the constants c; are 
different from (but related to) those of solutions (8). The advantage of using the 
ber, bei, ker and kei functions is that they are real in argument and real in value; 
they are tabulated adequately for this purpose. 

For small values of x, 


x -2 aad 


berz = 1— beiz = =, 
) t= 242120" e1L ze = 22(1!)2 26(3!)2 | 
/ x ee Pi os Bae x4 
pore = —(1— sagt .)loge +” (sta...) +(AO)— FA geet), 


9 
M a 


kei2 -(sa5 log —7 (sat --) + (FW sarin): 


where F(n) is the digamma function of argument n. Hence, applying the boundary 
conditions (7) at R = 0, it follows that c, and c, in solution (9) must be zero. 
And from the conditions at R = 1 


: bei Ai , bei Ad 
¢, = yA-t —_. ——.  @M ¢.= —yA~t ———- —— ; 
ber? At + bei? Aé ber? At + bei? A4 
so that 
ae bei At ber AtR — sain dite Ai R (10) 
ber? At + bei? A! 
1 ; ° 1 ° 
anil Te _ ber Ai ber AtR + bei Ait bei AIR (11) 


, ber? At + bei? A? 

In order to display the significance of this solution a set of cases has been worked 
numerically with values of At of 0, 1, 2, 3,4, 5,7, 10 and the velocity and buoyancy 
profiles, respectively, are drawn in sets (figures 1 and 2) to illustrate the changes 
in profile with increasing Rayleigh number. Figure 1 shows velocity profiles, 
which are plotted as the ratio of the non-dimensional velocity U to the effective 
Reynolds number y against the non-dimensional distance from the axis R. The 
curve for zero Rayleigh number is the parabolic profile for normal Poiseuille 
flow at uniform temperature. With increase in the Rayleigh number the flow 
velocities decrease over the whole section of the pipe and the upflow is concen- 
trated progressively more closely towards the walls; in fact when the Rayleigh 
number exceeds about 600 there is reversed flow near the axis, and for rather 
larger Rayleigh numbers the solution predicts annular regions of slow up and 
down flow near the axis. Such regions of reversed flow are to be expected wher- 
ever p-!¢p/ex+g changes sign. It is unlikely that these more complicated flows 
for Rayleigh numbers above about 600 would be found experimentally since con- 
ditions will seldom arise which might produce them (and so this behaviour has 
not been stressed in figure 1), however, the solution up to the stage of reversed 
flow at the axis should certainly be observable physically. Figure 2 shows the 
corresponding curves for non-dimensional profiles of the difference between wall 
and interior temperature plotted as y~!0 against R. The most striking feature 
of these sets of curves is the progressive development of velocity and thermal 
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boundary layers at the pipe wall with increasing values of the Rayleigh number. 
The (relative) widths of the two boundary layers do not depend on the Prandtl 
number. These figures demonstrate how buoyancy effects may be able to upset 
the conception of forced convection. 
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FiGuRE 1. The profiles for dimensionless velocity (y-!U) against dimensionless distance 
from the axis (#) for rising convection under a specified pressure gradient in a uniformly 
heated vertical pipe. The curve A? = 0 corresponds with normal Poiseuille parabolic flow, 
and the other curves are for increasing values of the Rayleigh number A. 


The rate of heat transfer through the pipe walls to the fluid per unit area of 
pipe surface is 


oT tk (dO 
Kae) a aa" (Fr R=1 
a “ } . ay, } wy. } >i’ H 
" ytk ,_,berA ber’ A Bacal bei’ A (12) 
a ber? At + bei? A? 


where the accents imply differentiation with respect to the argument, and k is 
the thermal conductivity. 
The rate of volume flow through the pipe is 


> , 1 . 1 “% 1 
a , ber At ber’ A + bei A! bei’ A! 
2mrudr = 2naxyA-4 , 


(13) 


de ber? At + bei? A? 


The non-dimensional volume flux (volume flux/axy) is plotted against A? as 
curve | of figure 3; there is little effect on the flux for small Rayleigh numbers, 
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but there is then a rapid decrease in the flow rate with increasing Rayleigh 
number. Curve 2 shows the non-dimensional heat transfer per unit area of pipe 


surface plotted against A?. 


A measure for the effectiveness of heat transfer is provided by the Nusselt 


number 
y rate of heat transfer per unit area of pipe wall x pipe diameter 
: k x characteristic temperature difference in main direction of conduction 
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Figure 2. The profiles for dimensionless temperature deficiency (y~!©) between the fluid 
and the pipe wall against dimensionless distance from the axis (#) for rising convection 
in a uniformly heated vertical pipe (or downflow in a cooled pipe). The curve A? = 0 
corresponds with the forced thermal convection solution. 


This temperature difference can be taken in various ways; here, partly for ease 
of comparison with the results quoted above, it will be taken as the difference 
between the wall temperature and the mean temperature across a section of 
the pipe, which is 

*a 


2ry {1 bei At ber’ A? — ber At bei’ A+] 


=a) 2nrbdr =~" | 4 fia Hea | (14) 
Hence the Nusselt number is 
: A}(ber Af ber’ A? + bei A? bei’ A?) : 
(bei At ber’ At —ber At bei’ At) +4ANber® Ata beta =) 


The appropriate curve (marked sgn7 = 1) of figure 4 shows the Nusselt number 
plotted against (Rayleigh number)?. When A = 0 the Nusselt number takes the 
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value N = 6 for forced convection which has been calculated previously; small 
increases in the Rayleigh number have little effect on the Nusselt number, and 
for this particular flow the forced convection solution is still accurate to 1 °% at 
A = 10. However, for larger Rayleigh numbers the Nusselt number increases 
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FIGURE 3. The dimensionless volume flux (actual flux x 1/axy) (curve 1) and the dimen- 
sionless heat flux per unit area from the pipe surface (actual flux x 27fga‘/ykxv) (curve 2) 
shown as functions of the (Rayleigh number)}. 


FicurE 4. The variation of Nusselt number with A? for the two possible types of con- 
vection; the Nusselt number varies little from its value 6 for forced convection at small 
Rayleigh numbers. 


steadily, and for A > 1000a very good approximation to the Nusselt number can 
be taken from the results shown as 
N = 1304+ 1-40A}2. (16) 

It should be noted that the normal physical application of the solution will not 
usually lie in this range of A. 

When the Rayleigh number is small, the results stated above can be expanded 
in series form, and these approximate series will be useful for later reference. 
From (10) and (11), 
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When A (= /gra*/xv) = 0 the solution for the velocity reduces to the Poiseuille 
velocity profile for laminar pipe flow; if7 = 0 the temperature is uniform through- 
out the fluid, but if A is zero because the gravitational force (i.e. g) vanishes, then 
© = gyy(1— FR?) (3 — R*) gives the forced convection solution. For small values 
of A the velocity is decreased across the whole profile (see figure 1), and the effec 
of a temperature gradient (or steady rate of heating) is to reduce the volume 
flow obtained for a given pressure gradient to the value 
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Po 0% | 384° * 552,960 | (18) 

The rate of heat transfer through the pipe walls per unit area of surface is 

1 k | l ep. 11 473 
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and the Nusselt number based on the mean temperature is 


) 
4 age, A. 24 20 
6| 9604 ; 48.288 4 ) : (20) 


4. Convection when the pipe temperature decreases with height 


The steady cooling of ascending hot fluid or the steady heating of descending 


cold fluid correspond with sgn7 = —1, and a = At. The general solution (6 
now takes the form 
U = c,J)(AtR) +¢,¥,(AtR) +05 1,(AtR) +¢,Ko(AtR). (21) 


From boundary conditions (7) at R = 0, it follows that c, and c, must be zero; 
and from the conditions at R = 1, 
4 
a= mals — ee Aaa 

0 0 

Hence yAlU = ee | . 

2| (A!) (44) J 
ey [Jo( AR) + igAeD)) _ l (23) 
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In the previous solution for sgn7 = 1, the extent of the modification to the 
normal isothermal laminar pipe flow with increasing Rayleigh number was 
considerable, but here the solutions for both velocity and buoyancy (or tem- 
perature difference) actually become infinite at values of A which are roots of 
J,(A!) = 0, the smallest root of which is At = 2-405. Non-dimensional profiles 
of velocity are shown in figure 5 and of temperature difference in figure 6 for 
values of Af of 0, 1, 1-5, 2, 2-3, all of which are below the first critical Rayleigh 
number. It can be seen that both velocity and temperature difference increase 
across the whole profile, at first slowly with increasing Rayleigh number, and 
then extremely rapidly as the critical value of A is approached. Above this first 
critical Rayleigh number there are theoretically possible flows of a more com- 
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plicated character which are rather unlikely to be found in practice since they 
would require improbable end conditions. For example, the cooling of an up- 
wards hot stream for Rayleigh numbers lying between the first two critical 
values produces a downflow of cold fluid in a layer at the wall, and for higher 
Rayleigh numbers there will be a succession of annular regions of up and down 
flow between the rising stream near the axis and the wall. The striking feature of 


a T T T 





i 





sgn 7 l 











0 0-2 0-4 0-6 08 1-0 
R 


FiGuRE 5. The non-dimensional velocity profiles (y~!U against FR) for falling convection 
under a specified pressure gradient in a uniformly heated vertical pipe. The curve A? = 0 
corresponds with normal Poiseuille flow at uniform temperature and the first critical state 
is for A? = 2-405. 


this solution is that the laminar Poiseuille flow which is found for small Rayleigh 
numbers begins to ‘run away’ as the Rayleigh number approaches 33, and just 
above this value there is a state of affairs in which laminar Poiseuille flow is no 
longer possible until there has been a rearrangement of the flow profile. It is 
almost certain that the flow would become unsteady and then turbulent as the 
first critical Rayleigh number is approached. This ‘runaway’ occurs in the 
solution because higher values of temperature gradient along the pipe produce 
larger buoyancy forces leading to higher fluid velocities, which in their turn give 
rise to greater buoyancy forces. The character of the flow after rearrangement is 
such as to produce smaller buoyancy forces which can be offset by viscous forces 
from a more rapidly changing velocity profile. 

Near the critical Rayleigh number the similarity solution calculated above 
will be increasingly in error, but it may be expected to provide a reasonable 
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solution over the greater part of the range 0 < A < 33. The corresponding rate 
ykev 


of heat transfer to the fluid per unit area of pipe wall is in this case 
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corresponds with the forced convection solution. 


FicurE 6. The non-dimensional buoyancy profiles (plotted as y-!© against F) for falling 
convection in a uniformly heated pipe (or upflow in a cooled pipe). The curve At = 0 


() 
: — rh 
the mean temperature difference across a pipe section is 
YKV i(a! Ji(At) I9(A?) 
A #4 Aft + a 
fgas J,(At) 
and the Nusselt number is 


(26) 
ai(4) Pr Iy(A}) 
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Figure 7 shows curves for (1) the non-dimensional volume flow and (2) the non- 
dimensional heat transfer per unit area of pipe surface, plotted against A}, for 
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‘ate the range of Rayleigh numbers up to the first (and important) critical value. 
The variation of Nusselt number for the same range is shown on figure 4, marked 
sgn7 = —1; within this range JN is very nearly constant at the value 6. 
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FicurE 7. The non-dimensional volume flux (curve 1) and heat flux per unit area of pipe 
surface (curve 2) shown as functions of A! up to the first critical Rayleigh number. 


The series forms of the solutions for small Rayleigh numbers are 
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and the Nusselt number based on the mean temperature is 
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All of these pipe flows will show a tendency to become unsteady and turbulent 
as the Reynolds number is increased, although the changes in profile make it 
difficult to relate critical Reynolds numbers with those for isothermal pipe flow. 
When sgn7 = | there is the additional effect of stable thermal stratification, so 
that in this case the laminar flow régime is likely to be of some practical import- 
ance, especially for high rates of heating (or large values of A). On the other hand, 
when sgn7 = — | the fluid is unstably stratified in density so that for all A ( < 33) 
the critical Reynolds numbers will be smaller than for isothermal flow, and as 
A approaches 33 the flow is likely to become unsteady at Reynolds numbers far 
below the usual critical value. Turbulent convection will minimize the difference 
in temperature between pipe and fluid and will reduce the effects of buoyancy 
forces for this reason. Because the flow is less stable when sgn7 = — 1 it should 
be most effective to heat fluid by passing it down a hot pipe or to cool an upwards 
flowing stream. 

REFERENCES 

GOLDSTEIN, S. (Ed.) 1938 Modern Developments in Fluid Dynamics, Vol. 2. Oxford 
University Press. 

Jerrreys, H. & JEFFREYS, B. 8. 1950 Methods of Mathematical Physics, 2nd ed. Cam- 
bridge University Press. 

Morton, B. R. 1959 Quart. J. Mech. Appl. Math., 12, 410. 

NussE.t, H. 1910 Z. Ver. dtsch. Ing. 54, 1154. 

Ostracu, 8S. 1954 N.A.C.A. Tech. Note 3141. 

OstrRACH, S. 1957 50 Jahre Grenzschichtforschung. Gortler and Tollmien (Eds.), Vieweg, 
Braunschweig. 





| 











lent 
<e it 
low. 
1, SO 
ort- 
and, 

33) 
d as 
; far 
nce 
ney 


yuld 


irds 


ford 


am- 


veg, 








241 


On the collapse of an empty cavity in water 


By C. HUNTER 
Trinity College, Cambridge 


(Received 14 December 1959) 


This paper is concerned with the spherically symmetric collapse of an empty 
cavity in water. The effects of viscosity and surface tension are neglected, but 
the compressibility of the water is allowed for and a suitable equation of state 
for the water assumed. The object of this is to clarify the effect of compressibility 
on the flow by considering it in isolation and thus to describe the formation of 
a pressure pulse by the collapse and its subsequent propagation. 

The exact flow equations are integrated numerically and it is found that very 
high flow speeds develop in the neighbourhood of the collapse point. The radius 
of the cavity is found to be proportional to (—t)" for small t, where ¢ = 0 is the 
instant of collapse, and n is some positive number less than unity. 

The flow in the neighbourhood of the collapse point can be described by means 
of a similarity solution, and the value of n is determined by regularity properties 
of the similarity solution (the value of n depends on the equation of state assumed 
for the water). The similarity theory, which is valid only at very high pressures 
and velocities, can be continued beyond the instant of collapse to describe the 
formation of a shock wave after the collapse is completed, and the initial propaga- 
tion of this shock. 


1. Introduction 

Cavitation is a phenomenon of great practical importance, and has been the 
subject of many scientific investigations. In normal circumstances a liquid will 
contain a large number of minute nuclei containing undissolved gas and/or 
vapour, and if the local liquid pressure falls to vapour pressure, these nuclei will 
grow in size to become clearly visible cavities. The internal pressures of these 
cavities will be made equal to the liquid vapour pressure by the evaporation of 
some of the liquid into them. If the ambient liquid pressure then increases to a 
value greater than the vapour pressure after a cavity has been formed, the 
cavity is forced to collapse. This situation can arise when a cavity has been formed 
in a flowing liquid in a region of low pressure, and is then swept by the flow into 
a region of higher pressure. The resulting collapse can have serious effects on 
hydraulic machinery. For, although the typical maximum size of a cavity in 
water is only of the order of a centimetre, the cavity may collapse with great 
violence and generate high pressures. A pressure wave is then propagated out- 
wards in the form of a shock wave, and serious damage to nearby solid surfaces 
may be caused, with small fragments of their material being torn away from them. 
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To account for these observed phenomena, many workers have studied the 
collapse of a single spherical cavity in an otherwise undisturbed liquid. An early 
theoretical investigation was made by Lord Rayleigh (1917) who discussed the 
collapse of an empty spherical cavity, that is one with zero internal pressure, 
which is initially at rest in an otherwise undisturbed mass of incompressible liquid 
at positive pressure py. Let A’ be the radius of the cavity at time ¢’, and let r’ 
be the radial distance from the origin O at the centre of the cavity. Then, if the 
flow is assumed to be spherically symmetric, the distribution of velocity through- 
out the liquid must, by continuity, be given by 


,_ RR’ 


7 (1) 


u 
(Here and subsequently dots denote differentiation with respect to time.) 
Conservation of the total energy of the flow then yields an equation for the motion 
of the cavity wall 
pre = 2Po( Fy), @ 
3p’ \R’3 
where /, is the initial radius of the cavity and p’ is the density. 

The R’—t’ curves obtained experimentally for cavities agree well with those 
predicted by (2) until R’ becomes very much less than R,. During this latter 
stage, however, detailed observation is extremely difficult, since by this time the 
savity is usually minute in size and events are taking place very rapidly. Equa- 
tion (2) gives rise to some physically unrealistic features associated with this 
rapid final part of the collapse, which suggest that it ceases to be valid during 
this part of the motion. It predicts that the pressure p’ is infinite for finite r’ 
when R’ = 0, and also that R’ = — at this instant. Further, wu’ = 0 for r’ > 0 
at the instant when R’ = 0, and the whole kinetie energy of the flow is concen- 
trated at the origin O. 

A number of physical processes which are neglected in the above theory become 
important in the late part of the collapse, and these have been the subject of 
many subsequent investigations. Lord Rayleigh himself recognized the fact that 
at the high liquid velocities that probably occur during the collapse of a cavity, 
the compressibility of the liquid should be taken into account, and it is with this 
factor that the present paper is concerned. Another basic assumption in the 
derivation of (2) is that the cavity is empty. In practice a cavity will contain 
liquid vapour and probably a small amount of permanent gas. At the start of 
the collapse vapour will condense back into the liquid so that the internal 
pressure in the cavity remains equal to the liquid-vapour pressure. The work of 
Zwick & Plesset (1955) on the collapse of a vapour cavity in water suggests that 
this will not always be the case, and that the final part of the collapse takes place 
so rapidly that some of the vapour does not have time to condense. This remnant 
of vapour, together with any gas there may be in the cavity, will then be com- 
pressed to a high pressure which will eventually become large enough to halt the 
inrushing liquid and cause the cavity to rebound. Ifo is the ratio of the specific 


heats of the cavity contents which are compressed adiabatically, then their 
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pressure is proportional to R’~*’, The ratio o is always greater than unity, and 
so the effect of this pressure will be small over a long period and will then build 
up very suddenly when the flow is moving inwards at high speed. The cavity will 
thus be in effect empty until this build-up of the internal cavity pressure occurs, 
since the vapour pressure is usually small compared with the external pressure 
causing the cavity to collapse. 

Two other mechanisms neglected by Lord Rayleigh are the liquid viscosity 
and the tension of the cavity surface, though it can be shown that these do not 
have an appreciable effect on the collapse of a cavity in water before the late 
part of the collapse. Their magnitude increases as R’ > 0, but, in the case of an 
empty cavity collapsing in an incompressible liquid at least, the surface tension 
and viscous forces are of a lesser order of magnitude than pressure and inertia 
forces as R’ + 0. Yet another factor is instability, which destroys the spherical 
symmetry of the flow. It is known that the collapse of an empty cavity in an 
incompressible liquid is unstable (Birkhoff 1954). 

A complete description of all these processes would be a very considerable task, 
and we shall here seek only to clarify the effect of compressibility on the flow by 
considering it in isolation. We shall therefore discuss the symmetric collapse of 
a spherical cavity in a compressible liquid, neglecting surface tension and 
viscosity and retaining the simplifying assumption that the cavity is empty. 
It is indeed plausible to assume that liquid velocities of the order of the velocity 
of sound in water occur before effects such as those of the cavity contents become 
important, so that this model is physically sensible. The liquid compressibility 
is a mechanism which will slow down the collapse, though the more important 
object of taking compressibility into account is to describe accurately the 
formation of a pressure pulse as a result of the collapse and its subsequent 
propagation. 

For practical purposes it is the behaviour of a cavity in water that is of 
interest, and an appropriate equation of state is therefore assumed. The collapse 
of an empty cavity in water assuming an equation of state of this type has been 
studied by Gilmore (1952) who made use of an approximation concerning the 
outward propagation of a finite-amplitude wave suggested by Kirkwood & 
Bethe (1942). In the present paper the exact partial differential flow equations 
are integrated numerically (§3) and, from the results of this numerical integra- 
tion, an analytical theory in the form of a similarity solution is developed to 
describe the flow in the neighbourhood of the collapse point (§4). The flow 
immediately after the collapse, in which a shock wave is formed at the collapse 
point and travels outwards, is then discussed (§5) and it is found that another 
similarity solution describes the flow behind the shock, the two similarity 
solutions being matched at the shock. The whole analytical theory is valid only 
at very high pressures, and for typical values of the relevant parameters the size 
of the region in which it applies is of the order of a hundredth of a centimetre, 
although roughly 20% of the total energy of the flow is contained therein. 
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2. The formulation of the problem 


To describe the collapse of an empty spherical cavity in water, it is necessary 
to solve the equations of conservation of momentum and mass for a spherically 


symmetric flow ea ie Dae 
: ou ,ou lop 


x = ~~, = 90, 3) 
ct’ or’ por (9) 
cp’ ,op' ,f{ow’ Qu’ 
Et SE +p( +7) =0. (4) 
ct } or r 


In addition, an equation of state for water is necessary. There is no simple 
theoretical law to describe the thermodynamic properties of water, but it has 
been found that experimental thermodynamic data for water can be described 
by a caloric equation of state of the modified Tait form (Cole 1948), 


p+B_ A (5) 


B 
where, if S is the specific entropy, p’ = p’(p’, 8), py = p’'(0,S), and B is some 
function of S which is dimensionally a pressure. The index y is a constant, and 
both B and p, are slowly varying functions of S. The values quoted for y vary 
from 7 to 7-5, and the value of B lies in the neighbourhood of 3 kilobars. 

When there are no shocks present, the usual assumption of homentropic flow 
can be made. An important property of water is that even when very strong 
shocks are present, the entropy changes are small and have little effect on the 
p’-p’ relation. In the present paper therefore B and p, are both taken as constant, 
and the p’-p’ relation given by (5) is assumed to hold everywhere even when 
shocks occur. This means that we are neglecting the effect of the entropy changes 
produced by shocks on the liquid motion and are assuming that, as far as the 
equations of conservation of mass and momentum are concerned, the flow is 
everywhere homentropic. This approximation has usually been made hitherto 
in underwater explosion research. A detailed justification of it in the special case 
of a spherical shock pulse initially of 50 kilobars has been made by Penney & 
Pike (1950) who showed that the radial expansion terms in the equations of 
motion were very much greater than the entropy gradient terms. They did 
conclude, however, that this may not be a good approximation for shock pulses 
of very much greater strength. However, there is considerable disagreement 
between the results of different experimenters for pressures in excess of about 
100 kilobars (Rice & Walsh 1957). The degree of accuracy of the homentropic 
approximation is probably as much as is either justified or necessary in the 
present case. 

We shall take the constant value of B as 3 kilobars and that of y as 7 and, when 
this is done, the thermodynamic data for water is fitted to within, at most, a 
few percent for pressures less than 100 kilobars. 

The velocity of sound c’ is defined as usual by 
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If c’ = cy when p’ = pp, then 
pod = vB. (7) 
We shall need later an expression for the specific internal energy &' of the water. 
Thus * 2 2 
0 fe 1, c*—c 1 1 sears 
= p'dv'+&,(S) = — + Bl _ ) + &0(S), (8) 
Jp’ VW¥-1) WP Po 


where v’ is the specific volume. The specific internal energy &’ is here measured 
relative to its value when p’ = 0, and &4(S) is some function of entropy alone. 

We next consider the boundary conditions to be applied to the solutions of 
(3) and (4). The pressure is zero at the cavity wall and is p, far from the cavity, 
and these two pressure conditions, together with the condition that the cavity 
wall is a free surface (so that u’ = R’ when r’ = R’), must always be satisfied. 
To determine the liquid flow completely, it is necessary in addition to specify 
the entire velocity and pressure distribution in the liquid at some initial instant. 
This difficulty does not arise in the incompressible treatment, since disturbances 
are propagated instantaneously and the whole flow field at any instant is deter- 
mined by the cavity-wall motion at that instant. The choice of any particular 
distribution as an approximation to a physically realistic one is necessarily 
arbitrary. In particular, if the initial conditions are chosen to be the same as 
in the incompressible problem with an empty cavity initially at rest in a liquid 
at positive pressure, there would be a discontinuity in the motion at the initial 
instant, and this discontinuity would persist in the flow. However, this difficulty 
about the initial conditions is not physically relevant. The liquid compressi- 
bility will be important only in the final high-speed part of the collapse, and the 
precise form of the initial low-speed flow will not influence this appreciably. 

A way of overcoming this difficulty about initial conditions is suggested by a 
re-examination of the incompressible theory. According to this, in the last part 
of the collapse when R’ < Ry, 

2p, Re 
‘a 

3p’ R's 


D2 
t 


(9) 
The liquid motion therefore does not depend on the scales py and R, separately, 
but only on their combination p, Rj which is equal to 3E/47, where £ is the initial 
potential energy of the system. When R’ < Ro, almost all this potential energy 
has been converted into the kinetic energy of the liquid motion. Formally the 
whole flow is determined by the parameter E alone if we make p, > 0 and R, > oo 
in such a way that # is unaltered. This means that we are considering a cavity 
of initially infinite size which has been collapsing for an infinite time. There is 
now no difference between the pressure in the cavity and that in the liquid far 
from it, and there is a constant and finite energy E associated with the flow. 
Equation (2) for the cavity wall motion now becomes 


E = 27pR®°R”, (10) 
which can be integrated to give 
on, / E ry 
wide (anp') (fo—#), (11) 


where t’ = ¢) is the instant of collapse. 
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This model of the initially infinite cavity can be used when the liquid is assumed 
compressible. The expression (11) is now asymptotically exact as t’ > —o in 
the compressible theory, since the effect of compressibility is negligible for large 
(tj —t’) when liquid velocities are much less than the velocity of sound in the 
liquid. Initial conditions are now specified for the liquid flow with all the essential 
features of the final part of the collapse being retained.t 

It is convenient to use the velocity of sound c’ as the single thermodynamic 
variable needed to describe the state of the liquid. With the boundary conditions 
in the form just discussed, c’ is equal to c, at the cavity wall and also tends to this 
value as 7’ +00. From the three dimensional scales EL, p, and c,, non-dimen- 
sional variables (without dashes) can be defined as follows: 


ue=UC, C=C, Pp’ =PP, Yr =r a 

0 o &F PPo 3 = al sac) le | 

¥ = ‘ re = 5 a | 
i = | e “ 


Using the thermodynamic relations (5) and (6), we find that the governing 
equations (3) and (4) become, in terms of these scaled variables, 


Ow ou l é? ‘ 13 
~ U = " ——— aa A e 
ct ar * (y—1) or e) 
oc? 0c? Cu 2u 

y— -- = Y 
la or a as + ~ ; (14) 


The boundary conditions are 


Dy 


c=1 and w=R atthecavity wall r=R, 


c>l as r>o, 
— 2(t,—t)s | 


Rw~ (t,—t)s, w~ —~, ; 
5r* 
as (fj—t)~>o. (15) 


c*= 1 re 


2 Pics diel t)-s “| fe o_o). 

25 r 

The problem now has a universal form. Since the incompressible theory is valid 
when liquid velocities are small compared with that of sound in the liquid, one 
way of attacking this compressible problem is by way of a perturbation theory of 
the incompressible solution. This approach is complicated by the fact that to 
take account of non-linear effects, the expanded solution of the governing equa- 
tions must be made uniformly valid in space. It has been used by both Proudman 
(unpublished) and Brooke Benjamin (1958). Since this method is a perturbation 
one on the incompressible theory, there is some uncertainty about the value of 
any of its predictions concerning the final high-speed flow in which sonic and 
supersonic velocities occur. 


+ This treatment of the boundary conditions is due to Dr Ian Proudman. 
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3. The numerical integration of the governing equations 


To investigate the flow as R > 0, a numerical integration of equations (13) 
and (14) for w and ¢ was carried out. These equations can be written in the 
characteristic form 


a 


(: +(uxe)<) (ws = ) = eal (16) 


y—1 r 
‘ 


Equations (16) were integrated for the case y = 7 using a form of the method of 
characteristics due to Hartree (1958, pp. 260-3). In this method the integration 
of the whole flow field is advanced successively by prescribed steps in time, and 
the characteristics are not explicitly determined. As starting values formulae 
(15) were taken at the instant when R = —0-1 and at each step w and c were 
evaluated at a fixed set of values of r/R ranging from 1 at the cavity to just over 
10. The outer limit was so chosen that at each step forward in the integration, 











"44+ ——+ 
0:44 4 eee es, 
shal es 
+— + 
¢ <a i 
a se oe 
eae 
fe 0°43 ie 
| ies 
Po ih 
0-427 
O-4L . . 
0 0°] 0-2 
R 
FIGURE 1 


the solution was advanced only to points that lay within the domain of depend- 

ence of the solution already determined. In the most accurate calculations a grid 

of 109 such points was used, and the results were checked by carrying out a similar 

integration on an 82-point grid. The 109-point calculations were taken up to the 

stage at which R = — 17-65 and showed two important features by this time: 
(1) The velocity (— R) appears to be increasing in such a way that 


R(—R)y + constant as R-0, 


where 7 is some constant. The log R —log (— #) curve is approximately straight 
for —R > 3, and the estimated value of 7 is 1-27. More sensitive evidence for 
this estimate is given in figure 1 where R(— R)'2’ is plotted as a function of R. 
(2) For each fixed value of r/R both —u—- a and co as R + 0, and in 
such a way that u/R and c2/R? become functions of r/R only. 
These results were confirmed by calculations on the coarser grid up to 
R = — 10-6, the estimate for 7 in this case being 1-28. The agreement between 
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these two sets of results, and the agreement between both of them and the 
asymptotic theory developed below, indicate that numerical errors in the 
overall calculation were probably not more than one or two percent at most. 


4. The flow as Rk - 0 
4.1. The nature of the solution as R > 0 


We saw in the last section that the numerical solution suggests that the flow in 
the neighbourhood of the collapse point is of the form 


u=KRf(r/R), c? = R’g(r/R). (17) 


There are other reasons for supposing that the flow in this region should be of 
the above form. When the cavity is very small, any length scale for the flow in 
its neighbourhood which can be derived from the boundary conditions will 
become orders of magnitude too large to be relevant as R — 0. Thus the only 
suitable length scale for the flow is the cavity radius FR. Similarly, fluid velocities 
become very much larger than any velocity scale provided by the boundary 
conditions, and we can look to the velocity of the cavity wall R to provide a 
velocity scale for the flow. This velocity R also provides a scale for the velocity 
of sound ¢ which tends to infinity for finite r/R everywhere except at the cavity 
wall. These dimensional arguments therefore also suggest that the asymptotic 
form of the flow in the neighbourhood of the collapse point is of the form (17). 
When the forms (17) are substituted into the governing equations (13) and 
(14), the resulting equations involve functions of r/R only except for terms with 
the factor RR/R2. If we put RR/R2 = const. = 1—n— say, then on integra- 
tion we get R = A(—t)", where A isa constant andt = Ois the instant of collapse. 
(The exponential solution for R corresponding to infinite n cannot represent a 
collapse in which R = 0 at some finite time.) A power law of this sort has already 
been suggested by the numerical results. The index n has yet to be determined 
precisely, though we know that 0 < n < I since R > Oand R > —was(—t)> 0. 
The aim now is to determine the power n and the functions f and g. First, let 
us consider the boundary conditions on these functions. The condition u = R 
when r = R requires f(1) = 1. The condition c = 1 whenr = R cannot be satisfied 
exactly when c? has the form given by (17). The approximation c? > 1 is implicit 
in the dimensional argument given above and the similarity theory can be valid 
only when this approximation holds. It is never true actually at the cavity, but 
it is true for values of r/R arbitrarily close to unity as R + 0. The boundary con- 
dition to be satisfied by c? at the cavity should therefore be taken as c? = 0 to 
within the degree of accuracy of the theory, and so g(1) = 0. The solution we 
are seeking therefore, which is only an asymptotically exact solution of our 
equations and boundary conditions, is the exact solution for a fluid obeying an 
adiabatic law of the more familiar perfect gas form po p’ advancing into a 
vacuum. When c? > 1, p’ > B, so that the equation of state (5) becomes of this 


form. 

If we revert to unscaled variables, we see that the flow does not now depend on 
the scales c, and E/p, separately, but only on the combination (c,)}6"-® (E/p,)84-™ 
which occurs in the R’—t’ relation for the cavity wall. 
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In the theory that follows we shall discuss only the case y = 7 for which the 
numerical work was carried out. A similar investigation could be carried out for 
some other value of y greater than unity, should another value be chosen to fit 
the thermodynamic properties of water or some other fluid. It is necessary 
though that the equation of state of the fluid should be of the form (5) for a theory 
of this sort to apply. 


4.2. The similarity solution equations 
> t = 0, r/R becomes infinite for r > 0. We shall later be interested in the region 
> 0 as well ast < 0, so that it is more convenient to work in terms of the simi- 
te variable £ defined by 


(R\#" at 
f- ==, a= Ai, (18) 
= r plin 
A variable of this type has been used by Butler (1954) for the case of a spherical 
shock wave converging on a point. It is easily seen that RO’”—1R = —na, and 
we now look for a similarity solution of the form 
“w= —nari—UnF(E), oc? = n2aPr2-A2nGg(é). (19) 


Substitution of (19) in the governing equations (13) and (14) gives two ordinary 
differential equations 

6(1+ €F) F’ + éG’ + 2(1—n) (3F?+G) = 0, (20) 

6EGF’ + (1+£F)@’ +4(2—5n) FG = 0. (21) 


Dashes here denote differentiation with respect to €. 

The problem of determining the flow for ¢ < 0 now requires a solution of (20) 
and (21) for F and G in the range —1 < & < 0. The boundary conditions at the 
cavity are now F(—1)=1 and G(—1)= 09. A straightforward investigation 
shows that there exist unique regular expansions for F and G about = —1 
subject to these conditions, which are 

| 9 — 20n 
P= 1427) 41) + Of + 1)?}, | 
] r (22) 


Apart from a solution with @ = 0 everywhere, this regular solution is the only 
one which is bounded at £ = —1. Consider now the outer boundary conditions 
to be applied to our similarity solution. When the complete flow is considered, 
it is necessary that wu > 0 and c > 1 asr — o. The similarity solution, however, 
is valid only when c? > 1 and so cannot hold for indefinitely large r. In some region 
where the approximation c? > 1 breaks down, it must be matched to some 
solution of the flow equations for which u and ¢ remain finite as (—t) > 0. The 
similarity variable £ = 0 for t = 0 and r > 0. The forms (19) show that 


woc (—t)"-1(—£)-* F(E), coc (—£)8"-#(—£)?-*G(E), (23) 


and so it is necessary that both (—£)!-" F(&) and (—£)?-2" G(£) are zero at = 0 
for a region in which u and c remain finite as (—t) > 0 to exist. 
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The integration of (20) and (21) in the range —1 < & < 0 meets with diffi- 
culties. These equations may be re-arranged in the nm 


3[((1+£F)2— GE] F’ = 2(2—5n) EFG—(1—n)(1+EF)(3F2+G), (24) 
[(1+éF)?—GE&]Q" = 2(1—n) (3F2+G)&G—4(2—5n)(1+EF) FG, (25) 


which shows that they have singular points at the roots of (1+F)? = Gé, and 
also at € = +00. Now the expression (1 + €#’)?— Gé? vanishes at the cavity, and 
it is a simple matter to see that it must vanish again in the physically relevant 
range —1 <£< 0. The expansions (22) show that it becomes negative as £ 
increases from — 1, but its value is unity at € = 0, since we have seen that both 


EF and £G@ are zero there. It will — —* that (1+éF)?—£?@ in fact 


vanishes only once in the range —1 < £ < 0, at € = &, say. 
We shall next show that both F and G must be regular functions of & at 
£ = &,, and hence everywhere in —1 < € < 0, for a solution of our problem. It 


follows from the definitions of €, F and G that, if (1+€F)? = £24 for a particular 
value £ = £*, then dr/dt = w+c on the curve £ = &* in the r-t plane. Such a 
curve would therefore be a characteristic through O, and so the singular point 
£, corresponds to the incoming characteristic through O in the r-t plane. The 
singular point £ = —1 is a consequence of the fact that c = 0 and dr/dt = u at 
the cavity (figure 2). If F and G are not regular at £ = £5, their irregularities are 
propagated along the incoming characteristic through O. Now it is well known 
that discontinuities in the derivatives of any order of wu and c propagate along 
characteristics, and either exist in the flow from the start or never occur in it 
except possibly as the result of some external agency. There is no reason, how- 
ever, for there to be any such discontinuities in the flow when the similarity 
solution becomes valid. 

The remainder of § 4 is concerned with the determination of F and G. Once n 
is given, the solutions of (20) and (21) are completely determined by the boundary 
conditions at £ = — 1, and in general this solution is not regular at £ = £. How- 
ever, 7 is still a free parameter gute we shall show that it is possible to choose n 
so that F and G are regular in —1 < & < 0. The value of the power n is dependent 
on y and so its value only for ane case y = 7 is calculated in this paper. 

This method of determining a power-law parameter in a similarity solution by 
regularity considerations was first used by Guderley (1942) in his treatment of 
a spherical shock converging on a point, and the work in the present paper is 
similar to his work and that of Butler (1954). 

4.3. A transformation of the similarity solution equations 

The solutions of (20) and (21) are best investigated by means of a change of 

variables. New variables are defined by the relations 

X =log(—£), Y=-F, 2=£4. (26) 
Equations involving X, Y and Z only are obtained when these relations are 
substituted in (20) and (21), and can be arranged in the form 


dX :d¥:dZ = (Y¥—1)?}—Z:[¥(¥—-1)(n¥—1)-432Z(9nY¥+n-1)] 
:2Z[—nZ+ Tn Y¥?2+2Y(1—5n)+1]. (27) 
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The ratios of the second to the third terms give a first-order differential equation 
involving Y and Z only, and it is this equation that we shall seek to integrate. 
This integration must be carried out numerically as no analytical integral is 
known for general values of n. The problem of integrating (20) and (21) as already 
outlined can be reduced to solving a corresponding problem in the Y—Z plane. 


The boundary conditions F = 1, G = 0 at the cavity wall € = —1 correspond 
to the point C(1,0) in the Y—Z plane. This point C is a saddle-point singularity 
t f Shock wave 
— =0315,’ 
i E =f 





O . : 


um 
It 





Cavity 





E=Eo 


Characteristic 





Cavity wall 
FIGURE 2 


of the Y-Z equation, the two integral curves passing through it being Z = 0 
and a solution tangent to the line 21(1—n)(Y—1) = (1—10n) Z. This second 
integral curve in the Y—Z plane corresponds to the regular expansion (22) 
about € = —1. The origin O in the Y—Z plane is a nodal singular point. A single 
integral curve enters it along the line 3 Y = (1—n) Z, and all the other integral 
curves through it touch the Y-axis, which is itself an integral curve. Equation 
(27) shows that dX :dZ = 1: 2Z near the origin to the first order of small quan- 
tities, and so X - —coas Z > 0. The origin therefore represents the r-axis (€ = 0) 
in the physical plane. It is not a physically relevant singularity since it is not 
a singular point of (20) and (21), but only of the Y-Z relation. In the Y-Z 
plane, the integral curve that we require must therefore leave C along a known 


path and go to O. 
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To discuss the paths of the integral curves in the Y—Z plane, it is necessary 
to know some of the basic properties of integrals of (27). It is evident from (27) 
that dZ = 0 on the line Z = 0, which is an integral curve, and on the parabola 


nZ = InY*+2(1—5n) Y+1. (28) 
The curve on which dY = 0 is the cubic 
Z(9n¥ +n—1) = 3Y(Y¥—1)(nY-1). (29) 


Singular points of the Y — Z differential equation arise when both the second and 
third terms of the right-hand side of (27) vanish. These points are therefore the 
common points of the curves listed above, and neither d Y nor dZ need be zero 
at them. There are six such points: the origin O, the points 


A(1/n,0), B(1/10n, 27/100n?), C(1, 0), 
and the two points of the parabola Z = ( Y — 1)? given by the roots of 
6n Y2+ 2(1—4n) ¥+(1l—n) = 0. (30) 


These will be denoted, when they exist, by D and E, where EF is given by the larger 
root. All the singular points except A for the special case n = 0-5552, together 
with the integral curve from C in this case, are shown in figure 5. 

The parabola Z = (Y —1)? is an important curve in the Y—Z plane since it 
corresponds to the curve (1+€F)? = G& at which (20) and (21) are singular. 
We see from (27) that dX/dY = dX/dZ = 0 at a point of Z = ( Y — 1)? other than 
C, Dand E. It follows that d/dF = d&/dG = 0 and so € attains a turning value 
at such a point. This means that F and G are not single-valued functions of £ 
for an integral curve that passes through such a point in the Y—Z plane, and 
so such an integral curve cannot be physically relevant. Another necessary 
property of the integral curve that we are seeking in the Y—Z plane is now 
apparent. It clearly must cross Z = ( Y — 1)? inits path from C to O, and the point 
of intersection corresponds to the characteristic of inward propagation & = &, 
through the origin O in the r-t plane. The single-valuedness condition requires 
that it crosses only at D or E. 

Equation (30) shows that D and E do not exist if 7+ 3/3 > 22n > 7-33. 
The case 22n < 7—3,/3 corresponds to a collapse that is more rapid than that 
predicted by the incompressible theory when n = 0-4. It will be shown in §6 
below that energy considerations require n > 0-4 and so only the case 


22n >7+3,/3 (n > 0°55437) 


is of interest. The points D and E coincide for 22n = 7+3,/3 and form a singular 
point which is the confluence of a saddle-point and a node. They separate as n 
increases from this value, H becoming a node and D a saddle-point. For some 
value of n in the neighbourhood of 0-56, 2 becomes a spiral point and remains 
so as it moves down the parabola Z = ( Y — 1), as n increases, until it coincides 
with C for n = 1. For the present problem it is only necessary to discuss #, since 
it is found that the integral curve emanating from C always goes to E when it 
exists. We therefore seek an integral curve from C which crosses Z = ( Y — 1)? at 








so 
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E only and goes to O. A further condition is that this curve should be such that Y 
is a regular function of Z at H. This is necessary since F and G are both regular 
functions of £ at &, (£5 + 0). 

The next step in the argument therefore is to investigate the regularity of 
solutions of the Y-Z equation at HZ. Let us suppose that Y = Y, and Z = Z, 
at H, and define y = Y —Y),z = Z—Z,. The Y-Z equation then becomes 


dy Qy%+4y,y + higher-order terms 


= ee 31 
dz b,)z+6 ,y+ higher-order terms (31) 


The a’s and b’s will be constants involving n, expressions for which can be found 
straightforwardly from (27). For the integral curve to be regular at E therefore, 
we require a regular expansion y = y(z) about y = 0, z = 0. Writing y = vz we 
have 
,W ~" Ayg + Ag, 0 — byt — by, v? + 2, (0, 2) (32) 
dz big + Og, ¥ + 2Y0(2, 2) 

where y, and y, are polynomial expressions. Both sides must vanish for z = 0 
so that v (z = 0) is a root of 

Ay9 + (Ag, — 549) V — Bg, 0? = 0. (33) 
Suppose v, is a root of this equation, then putting v = V +v,, and expanding 
(32) gives 


dV , , , ht 
* Ay, V = Ajyyz + Agg2? + Aq, V2 + Ago V2 +higher-order terms, (34) 
— by) — 2bg v 
whees Higa 491 — 910 — £90171 (35) 


big t+ 501% 


provided 61) +9, + 0. The A’s too will be functions of n. Equation (34) is of 
the well-known Briot-Bouquet form (Goursat 1917, pp. 173-8) and its properties 
are as follows. It has a unique regular integral about z = 0, v = 0, if Ay, is not a 
positive integer. If A,, is a positive integer it will in general have no regular 
integrals unless some particular additional relation exists between certain of the 
A’s. This additional relation will depend on the particular integral value of Ag, 
and, if it is satisfied, there will be an infinite number of regular integrals. 
Equation (33) is equivalent to 


(Ayg¥~! + Aq)? — (Ag, + O40) (449% * + 491) + (491 910 — 10201) = 9. (36) 


The conditions for Z to be a node imply that both (33) and (36) have two real and 
distinct roots. It can be seen that the value of A,, corresponding to the root of 
(36) for (a,,v~1+ 4 ,) which is smaller in absolute magnitude is a positive integer 
if and only if the ratio of the roots is N or 1/N for some positive integer NV. The 
value of A,, corresponding to the larger root is never a positive integer. 

We are now in a position to discuss the integral curves in the y-z plane in the 
neighbourhood of the node £, which will be as shown in figure 3. There will be 
a curve EP which every curve except the single curve EQ will touch at H. Three 
possibilities as to the regularity of the functions y = y(z) represented by these 
integral curves exist and are listed below. 
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(i) The general case is that in which n is such that the ratio of the roots of 
(36) is not equal to N or 1/N. The roots then give rise to two distinct values of 1, 
and hence to two regular integrals of the y—z relation. The curve EQ is the regular 
solution y = y(z) arising from the value of v,, given by the root of (36) which is 
larger in magnitude. The curve #P is similarly the regular solution arising from 
the other root, and the remaining solutions which touch #P at £ are not regular 
at E. 

(ii) The second case is that in which the ratio of the roots of (36) is N or 1/N. 
The value of v, corresponding to the root of (36) which is smaller in magnitude 
now makes A», a positive integer, but the additional relation between the A’s 
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which is necessary to make all the integrals of (34) regular at £ is not satisfied. 
The curve EQ thus represents a regular solution as before, but all the remaining 
solutions, including EP, are not regular at E. 

(iii) There is finally the exceptional case when the additional relation men- 
tioned in (ii) is satisfied. All the integral curves through F now represent regular 
functions y = y(z). Given N, this relation between the A’s and consequently the 
condition on » which must be satisfied in this exceptional case could be deter- 
mined. The fact that the ratio of the roots of (36) is N or 1/N imposes yet another 
condition on n, and so n would have to satisfy two different relations for this 


exceptional case to arise. 

The discussion of the regularity of solutions at EF is now complete, and we go 
on to consider the numerical integrations of the Y—Z equation for different 
values of n. We saw earlier that 22n > 7+3,/3. When equality occurs, D and E 
coincide and there is a single regular solution through this point which does not 
go through C. For slightly larger values of n, the course of the integral curve 
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from C is as in case (a) in figure 4. (The diagram is schematic only. The position 
of E varies with n and the three cases have been superimposed in the figure.) 
Several reasons can be given for rejecting curves of this type. The discussion 
given above shows that such an integral curve represents a regular solution 
y = y(z) only in the exceptional case (iii). In the present problem there is an 
enumerable infinity of values of n and hence of positions of # for which the ratio 
of the roots of (36) is N or 1/N and the course of the integral curve is as in case (a). 
Since this infinity is enumerable, it is still unlikely that the exceptional case will 
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occur, but the possibility of it doing so exists. Again, if the exceptional case did 
arise, it would only be because of the particular value of y chosen. The two 
conditions that n must satisfy for case (iii) to arise are really two relations between 
y and n, and so, if both conditions were satisfied for one value of y, they wouid 
not be satisfied for a neighbouring value of y. The resulting special solution which 
depended on a special value of y could hardly be expected to be physically 
relevant. A final reason for rejecting these curves is that when the graph of c? 
as a function of r at any given time derived from one of these curves is plotted, 
it has a point of inflexion between the cavity wall and the maximum value of c?. 
The graphs obtained from the numerical integration of the partial differential 
equations do not have this feature. 

When n attains the value 0-5552, the integral curve from C passes through EF 
along the regular path QE and goes to O (case (b) in figure 4). This curve therefore 
represents a regular function Y = Y(Z) and it can be seen from (27) that in this 
case X = X(Z) is also regular. For this curve therefore F(£) and G(é) are regular 
for —1 < £ < 0 and so we have a solution of our physical problem. 
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For larger values of n, the curves from C behave as in case (c) of figure 4, and 
so must be rejected since they cross Z = ( Y — 1)? at points other than D and £. 

Once the Y-Z equation has been integrated, equation (27) can be integrated 
to give X, and so F(£), G(£), f(r/R) and g(r/R) can be calculated. Figure 5 shows 
the regular integral curve passing from C through £ to O, and figure 6 shows the 
functions f and g. 

The results obtained from the numerical integration of the partial differential 
equations fit in well with this similarity theory. The estimates obtained for n 
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FIGURE 5 


were 0-560 and 0-561 compared with the true value of 0-5552. By the time 
—R = 10was reached, u/R and c?/R? were well within 0-01 of their limiting forms 
f and g. When (— R) increased still further, the values of u/R and c?/R? oscillated 
about these limiting values. This oscillation is probably a purely numerical effect 
due to using a finite difference approximation for the partial differential- 
equations. 


5. The flow after the collapse 


The cavity vanishes at tf = 0, but the collapse similarity solution does not 
cease to be valid everywhere at this instant. The information that the cavity has 
collapsed takes a finite time to propagate outwards and only the flow actually at 
r = 0 is immediately affected. We should therefore expect, for r > 0, to be able 
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to continue the collapse solution valid for t < 0 into the region t > 0, that is 
from negative to positive values of . In the last section we integrated equations 
(20) and (21) for F and G in the range —1 < & < 0, and since both F and G are 
finite at € = 0 and the equations are not singular there, the integration can be 
continued to positive values of £. When we continue the solution for € > 0, a 
singularity is reached at £ = 0-315 when once again (1+¢F)? = £°G. This sin- 
gularity, which corresponds to the outgoing characteristic through O (figure 2). 
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FIGURE 6 


must be avoided and the only way this can be done is to have discontinuities in 
the values of F and G at some value k of & less than 0-315. Physically this means 
that a shock wave is formed at r = 0, t = 0 and propagates outwards along the 
path kr!” = at. Formally the integral curve in the Y—Z plane passes through 
the origin and continues in the region Y < 0, Z > 0 until it cuts the parabola 
Z =(Y—1)? at H (figure 5). This integral cannot be physically relevant beyond 
H since F and G must be single-valued functions of £. Since a shock wave travels 
out from O in the r—t plane, there will be no characteristic of outward propagation 
emanating from O and so (1+ €F)?—£?G@ changes sign discontinuously at £ = k. 
Correspondingly the integral curve in the Y—Z plane jumps discontinuously 
across the parabola Z = (Y —1)?. 

When, as in the present problem, a single p-p relation holds throughout the 
flow, the two mechanical conditions at the shock, those of conservation of mass 
and momentum, are sufficient to determine the shock motion (Courant & 
Friedrichs 1948, p. 132). Energy is of course still conserved at the shock, and the 
energy conservation relation relates the values of &)(S), the entropy part of the 
internal energy & in (8), on the two sides of the shock. This shock relation can 

17 Fluid Mech. 8 
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therefore be used to calculate the energy transformed irreversibly into heat by 
the shock. 

If the suffix 1 refers to the flow in front of the shock and 2 to that behind it. 
the mechanical shock relations can be written in the form 


o-D(u, —v) = (uu, — v), (37) 
cD ed + (ay — v)2] = FY eh + (ug —v)°], (38) 
where v is the velocity of the shock. These shock conditions must be satisfied 
on & = &. 

We have now to determine the form of the flow in the region € > k behind the 
shock wave. This region is of zero size at t = 0 and, for the same reasons as were 
given in §4.1 for the flow near the cavity to be of a similarity form, we could 
expect a similarity solution to apply here also. The radial distance of the shock 
from O provides a length scale for this region of the flow, and the shock velocity 
provides a velocity scale. It is therefore natural to look for a similarity solution of 
the same form as before using, for convenience, a different form of the similarity 
variable 


T= £m, (39) 


u=nAt"-1A(y), c? = n?27A%Z"-2u(y), 4 = 4in > 


Such a solution is of the right form for satisfying the shock conditions at § = k, 
and it will be shown below that a unique solution of this type satisfies all the 
required conditions. 

Substituting the expressions (39) in the flow equations (13) and (14), we obtain 
two ordinary differential equations 


6(n—1)A+ 6n(A—y) A’ + np’ = 0, (40) 
, : | F 2A) 
2(n—1)u+n(A—y) bees ~ e = 0. (41) 


(Dashes denote differentiation with respect to 7.) Corresponding to the singular 
points of equations (20) and (21) for the collapse, these equations have singular 
points when (A— 7)? = ~ and when 7» = 0. The first case is that of curyes 
n = constant on which dr/dt = (w+c), but we have already seen that there is no 
characteristic through O in the region behind the shock. 

Two possibilities still remain for the flow behind the shock while the similarity 
solution is valid. The first is that the cavity remains closed for t > 0 so that at 
» =0, A= 0 and y# = const. = f (say). The second is that the cavity re-opens. 
In this latter case, there will again be a free surface on which c = 0. (The approxi- 
mation c? > 1 still applies for the same reasons as before.) The form of the 
similarity solution (39) restricts the re-opening cavity path to be of the form 
y = const. = 6 (say). The similarity solution will in this case be subject to 
boundary conditions 7 = 6, A = 6, 4 = 0. Both sets of boundary conditions 
represent singular points of (40) and (41), though in both cases unique regular 
series solutions about the singular points exist. The constants # and 6 are as yet 


unspecified so that we have two one-parameter solutions which could represent 
the flow behind the shock. 








~) 


wa 








it by 


dit. 


(37) 
(38) 
sfied 
| the 
vere 
ould 
10ck 
city 
yn of 
rity 


(39) 


= 
the 


bain 


(40) 








On the collapse of an empty cavity in water 259 


Once again it is more convenient to work in the Y—Z plane, and we have the 
relations 
” = A P ct? —_ ft 
Y=—=-F=-, Z=-,,=$G@G=>- (42) 
nr D] n*r n* 
The two one-parameter solutions define unique curves in the Y—Z plane since if 
the values (A, ju, 7) satisfy (40) and (41), so too do (KA, x?, Ky) for any constant x. 
The integral curve in the Y—Z plane in the first case is a curve from the point 
Y = (l—n)/9n, Z = « to the singular point B, a node (figure 5). The similarity 
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FIGURE 7 


variable 7 is infinite at this point, and so £ is zero and A and y are both infinite 

there. In the second case the boundary conditions 7 = 6, A = 6, 4 = 0 correspond 

to C, and the integral curve in the Y—Z plane is that already determined for the 

flow before collapse. We are now interested in it only on the one side of the 
parabola Z = (¥ —1)?. 

In the Y—Z plane the shock conditions (37) and (38) become 
Zi(¥,—1) = Z4(¥,—1), (43) 
ZZ, +7(Y,—1)2] = 23[Z.+ 7(Yo—1)°]. (44) 





For each point of the section OH of the aad curve in the Y—Z plane, we can 
calculate Y, and Z,, the values of Y and Z that would pertain to the flow just 
behind a shock, should one occur at that point. The curve of possible values of 
Y, and Z, leaves C along the line Z = 7(1— Y), and then bends round to meet 
Z = (Y—1)* at H (figure 5). The point C would arise from a shock at O, and H 
17-2 


260 C. Hunter 


from a shock at itself. In its path the Y,—Z, curve cuts the integral curve for 
the flow behind the shock with the cavity remaining closed at a single point J/, 
and does not meet the other integral curve CE other than at C. The intersection 
at C does not give rise to a physically possible flow as it requires that the line 
¢ = 0 in the r-t plane is the path along which the cavity re-opens. The inter- 
section at J does give rise to a physically possible flow in which the cavity remains 
closed for ¢ > 0, and the matching of the two similarity solutions is now straight- 
forward. We know the point A of the OH-section of the integral curve in the 
Y-Z plane which gives rise to J and the values of £, F and G at it. These values 
determine those of 7, A and yw at J and therefore their values throughout the 
region behind the shock. The latter are shown in figure 7. 


6. Some properties of the similarity solution 

We now consider some general aspects of the similarity solution. We have 
derived the similarity solution to describe the flow in the neighbourhood of the 
collapse point where flow velocities and the local velocity of sound are large. 
Let us examine the form of the similarity solution at t = 0. When ¢ = 0, § = 0 
for r > 0 and 


u=—narl-1MF(0), c? = n2a2r?-2MG(0),  p = [n2a*r?-2MG(0)]!0-D, (45) 


Consider now the amount of energy associated with the similarity solution. The 
internal energy per unit mass of the water is given by (8), and since c? > 1 when 
the similarity solution applies, then to the same degree of approximation 

2 


ig (46) 


The total energy contained within a sphere of radius r at t = 0 is 


Py 


pl[é + 4u?] 4ar7dr. (47) 

/ r=0 
The condition that this integral does not diverge at r = 0, and therefore that 
there is not an infinite amount of energy associated with the similarity solution is 


3n(y—1) > 2y(1—-7n). (48) 


This inequality can also be written as 
ee (49) 
5—3y"} 
which shows that n > 0-4. This result substantiates the statement made in § 4.3 
that, in the compressible case, the velocity of collapse must be of lesser order 
than that predicted by the incompressible theory. The inequality (49) is satisfied 
for y = 7 and the corresponding value 0-5552 of n determined above. 
In the present problem F(0) = 0-568, G(0) = 3-859 and the energy integral 
(47) can be evaluated as 


0-893x5r418, (50) 
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The coefficient a is not determined by the similarity theory and so must be 
estimated from the numerical integration of the partial differential equations: 
the estimate obtained being a = 0-93. The total energy possessed by the whole 
flow is finite and equal to 1-005, as can be calculated from (15). Initially this is 
all in the form of kinetic energy. We saw earlier in § 1 that the incompressible 
theory predicted that all this energy would be concentrated at r = 0 at the 
instant of collapse. This singular energy distribution does not occur in the com- 
pressible solution which is therefore more realistic physically. The expression 
(50) shows that the energy contained within a sphere of radius r is an increasing 
function of r, but (50) is not valid for indefinitely large 7 since the total energy is 
finite. It is only valid in the region in which c? > 1 and the similarity solution 
applies. The form of c at t = 0 therefore enables us to estimate the size of this 
region, and the energy in it can then be calculated from (50). The table given 
below shows the amount of energy contained within the sphere in which c is 
greater than the given limiting value. It can be seen from this table that roughly 
20% of the energy of the flow is contained within the similarity solution region. 
The remainder of the energy of the flow lies outside this region at larger values 


Limiting Pressure in kilobars Energy 
value of c¢ at limiting value within sphere 
10 643-2 0-030 
8 381-0 0-041 
6 193-3 0-062 
4 73-2 0-109 
3 35°9 0-164 
2-5 22-4 0-211 
2 12-1 0-290 


of r, and its exact distribution cannot be discussed by the similarity theory. As 
is to be expected, the physical size of the region in which the similarity solution 
is valid is small. If we estimate the parameter FH by taking p, as atmospheric 
pressure and R, as half a centimetre, then the radius of the region in which the 
similarity solution applies at t = 0 is about 0-0lem. It seems likely that a sub- 
stantial part of the remaining energy is contained in the region adjacent to the 
similarity solution region where there are pressures of the order of kilobars, so 
that a large amount of the energy is contained within a small region in which high 
liquid pressures occur. The ratio of the internal energy to the kinetic energy at any 
point in the similarity solution region at ¢ = 0 is 0°57. 

The question of the physical relevance of the similarity solution still remains. 
It has been shown to be the mathematical solution to the problem of the high- 
speed motion caused by the symmetrical collapse of an empty cavity. The pre- 
dicted final velocity of the collapse is infinite even when liquid compressibility 
is taken into account, although this infinity occurs only at a single point in space 
and time. The infinite velocity occurs only at a single point in the incompressible 
solution, but infinite pressures occur for all r at ¢ = 0 in this case. The similarity 
solution exhibits the slowing-down effect of compressibility on the flow and gives 
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a physically more realistic description of the formation and initial propagation 
of a pressure pulse from the collapse. 

It was explained in § 1 that our model of a collapsing empty cavity was chosen 
for the purpose of studying the effect of compressibility in isolation and to this 
end, the effects of all the other mechanisms listed in that section were neglected. 
The effects will not of course all be negligible, and the effect of cavity contents for 
one will ultimately become important. As to the other mechanisms, if constant 
surface tension is assumed, the surface tension force at the cavity is still of a 
lesser order of magnitude as R - 0 than pressure and inertia forces when com- 
pressibility is taken into account. The possible effect of viscosity on the com- 
pressible flow problem is more difficult to assess, since the flow is no longer homen- 
tropic when viscosity is taken into account, and since the coefficient of viscosity 
varies considerably with pressure and temperature. The other mechanism that 
has been mentioned is instability, but we do not as yet know whether the collapse 
of an empty cavity in a compressible liquid is stable or not. It is indeed possible 
that the collapse solution might be unstable while the flow after collapse with an 
expanding shock wave is stable, the total net result being a loss of energy relative 
to the spherically symmetric solution. 

[t is clear that there are many possible and reasonable objections to the empty 
cavity theory. However, if our empty cavity formulation is a sensible overall 
approximation to what happens in practice, and this is something that still 
remains to be seen, then the predictions that may be obtained from the empty 
cavity theory for some overall feature, such as the strength of the shock pro- 
pagated from the collapse after it has travelled a considerable distance from the 
savity, should be in reasonable agreement with practice. This shock wave is a 
property of the collapse which is amenable to observation and measurement. 
whereas a phase of the motion which occupies lengths of the order of tenths of 
a millimetre and times of the order of microseconds is not. As the empty cavity 
theory now stands, the flow in the neighbourhood of the collapse point has been 
determined, and the flow when velocities are small can be described by a small 
Mach number expansion. To advance the theory, it is necessary to develop 
correction terms to the similarity theory and then to match the expansion so 
derived to the small Mach-number expansion. The development of correction 
terms to the similarity theory meets with difficulties since, although expansions 
for wu and c? in increasing powers of r with functions of € as coefficients can be 
made to satisfy the flow equations (13) and (14), it is found that each successive 
function of € has a singularity of increasing order at £ = — 1. Another possibility 
is a numerical integration of the governing equations covering all regions of the 
flow and not just concentrating on the flow near the cavity as did the numerical 
integration described in $3. The similarity solution theory deals with the flow 
in the neighbourhood of R = 0 which is the only region of the flow for which 
numerical integration is not straightforward. 


The author is very grateful to Dr I. Proudman for suggesting this problem, 
and to him and Dr T. Brooke Benjamin for many helpful and interesting discus- 
sions. He is also very grateful to the Director and Staff of the Cambridge Univer- 
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sity Mathematical Laboratory for the facilities of EDSACII, on which all the 
numerical work was carried out. This numerical work was in part paid for by the 
Royal Naval Scientific Service. During the period in which this work was done, 
the author was a Research Student of the Department of Scientific and Industrial 


Research. 
REFERENCES 
BIRKHOFF, G. 1954 Quart. J. Appl. Math. 12, 306. 
BROOKE BENJAMIN, T. 1958 Proc. 2nd Symposium on Naval Hydrodynamics, Washington. 
Butter, D.S. 1954 A.R.D.E. report 54/54. 
Coir, R. H. 1948 Underwater Explosions. Princeton University Press. 
Courant, R. & Frrepricus, K. O. 1948 Supersonic Flow and Shock Waves. Interscience. 
Gitmorg, F. R. 1952 Cal. Tech. Hydromechanics Lab. Rep. 26-4. 
Goursat, E. 1917 A Course in Mathematical Analysis, Vol. u, part I. (English trans- 
lation.) Ginn and Co. 
GUDERLEY, G. 1942 Luftfahrtforschung. 19, 302. 
Hartree, D. R. 1958 Numerical Analysis, 2nd ed. Oxford University Press. 
Kirkwoop, J. G. & Berue, H. A. 1942 O.S.R.D. Report, no. 588. 
PENNEY, W. G. & Pike, H. M. M. 1950 Rep. Progr. Phys. 13, 46. 
Lorp RAYLEIGH. 1917 Phil. Mag. 34, 94. 
Rice, N. H. & WatsH, J. M. 1957 J. Chem. Phys. 26, 824. 
Zwick, S. A. & PLEssET, M.S. 1955 J. Math. Phys. 33, 308. 





264 


Multiple shock compression using a piston 
of finite weight 
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This paper describes a theory for a piston-operated compressor in which shock 
waves are used to heat the gas being compressed. Detailed calculations are given 
showing the use of such a compressor to heat air for use in a hypersonic wind 
tunnel. The effect of real gas properties on the compression process is included in 
this discussion. 


1. Introduction 

When air is used in a hypersonic wind tunnel, it is necessary to start with hot 
compressed air in order to obtain reasonable static conditions in the expanded 
flow. For a given maximum pressure, the air will be heated to the highest tem- 
perature if there is the maximum increase of entropy during compression. 

It is well known that the passage of air through a strong shock wave produces 
a large entropy rise, and the discussion which follows considers a process in which 
air is heated by successive shock waves generated between the face of a moving 
piston and a fixed wall. 


2. The piston-operated compressor 


Let us consider a long tube filled with gas and closed at one end. At the other 
end there is a piston, separated by a diaphragm from a reservoir of high-pressure 
gas which may differ from the gas in the tube, as shown in figure 1. When the 
diaphragm is burst, the high-pressure gas drives the piston down the tube. 
A shock wave is formed in the gas ahead of the piston at some position determined 


Diaphragm section 


Piston of mass m Shock 
Pressure Pp, oF iS i 
speed of sound ar = WN ST j j J 














T T 
Ire > 
\ Pressure Pressure Pressure py, 
Pp p temperature 7), 
Reservoir Tube 


Figure |. Schematic diagram of compressor. 


by the initial piston acceleration. As the piston continues to gain speed, the shock 
wave will become stronger. When the shock reaches the end of the tube, it is 
reflected and moves back into the gas following it, and is then reflected again 


from the piston. A number of reflected shocks occur, and meanwhile the piston 
decelerates because of the pressure increase through each shock wave. The 
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deceleration causes expansion waves which tend to weaken the shock, and after 
several reflexions the shock wave will have degenerated to an isentropic wave. 
There is then a period during which all pressure differences are damped out, and 
finally the gas comes to rest with a uniform pressure throughout the system, but 
with the gas in the tube having been compressed and heated. Let us now consider 
each stage of the motion in detail. We shall assume that there are no friction or 
heat losses, and for §§ 2 and 3 we shall assume that the gases are perfect. 


2.1. Initial piston motion 


To determine the motion of the piston, the pressures on its front and rear faces 
must first be known. However, the pressure acting on the front face depends on 
the motion of the piston and on the compression waves generated by it. It is 
therefore impossible to obtain a closed solution for the motion when shock waves 
occur in the system. As a first approximation, the pressure on the front face may 
be obtained by using a method analogous to the tangent wedge approximation in 
steady supersonic flow. It is assumed that at any instant this pressure is equal to 
that which would act on a piston moving with constant velocity equal to the 
actual instantaneous velocity of the piston. 

This pressure, p,, may be calculated from the normal shock equations. For 
a normal standing shock wave, using standard notation, 


P1%1 = P2%2 (1) 
y mY P08 ‘a 
v—-lp, 2 y-Ilp, 2’ = 
Pit pyr} = Pot pos (3) 
vp) i 
also FF ws az, (4) 
P1 


By eliminating p,, p, and v, and writing wu = vy — v9, p, = py and py = Py, M = G, 
we obtain yy U ; : 
pa= volt 72 tor yla+ar), (5) 
where x = 4(y,)+ 1) (u/a,), wis the piston velocity, and a, 7) and py are quantities 
appertaining to the undisturbed gas in the tube. 

To calculate the pressure driving the piston, it is assumed that there is steady 
subsonic flow from the reservoir into the tube, and an unsteady expansion 
between the diaphragm section and the piston. Sonic flow will be established at 
the diaphragm section when the pressure ratio across it becomes greater than 2. 
The equations governing this flow are then 


9 » 

ay ay 

! a (6) 

Vrtl1 2 
Ay pat 7 ae dp 7 (7) 
& Te ae ee eT eS 
2 \Yr—-! 2 Yr-1 
2y pl(yr—-)) 
Po _ (22 YriYr (8) 
Pr ar 
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which, when combined, give 


A“ A“ 2y pi 1 
y=n ee ‘a 
- ot : 2 ap : 
where yp, 4p, and pp denote quantities in the reservoir vessel and a, is the speed of 
sound at the diaphragm section. 
We now introduce the non-dimensional variables 


_ ppAs 
Tg 10 
max,’ °) 
At 
jae, (11) 
map 


where A is the cross-sectional area of the tube, m is the piston mass, and s is the 
distance which the piston has moved in time ¢. Then the equation for the piston 


motion is AP a 
“S “Ss 
(Pp =.) A=m de =p »A dpe’ (12) 
' Po~Ps_ C8 is 
Pr dt? 


and the piston motion may be calculated in terms of the four parameters p,./Ppo. 
Ap/Ao, Yp and yp only. 
2.2. Shock formation 


Once the piston motion has been calculated, the position of the shock is deter- 
mined graphically using the method of characteristics. The strength of the shock 
at different positions is calculated from the pressure increments across the com- 
pression characteristics. Figure 2 shows a typical example of the calculation. It 
will be seen that the rate at which the shock wave strengthens (as given by the 
rate of change of the slope of the shock curve, for example) is not uniform, and 
that the shock strength tends to a steady value as 8 becomes large. 

As a second approximation it would be possible to calculate the pressures at the 
piston from the characteristics network described above. This has been done for 
one example, but the pressures were found to differ by only a few per cent from 
those calculated using the first approximation outlined in §2.1. The shock 
strength is determined mainly by the initial piston motion, when the pressure on 
the front of the piston is small, and so it seems unnecessary to use the second 
approximation. 

The greatest shock strength for a given length of tube will result from a light 
piston and a high driving pressure as may be seen from equation (12). A high 
driving pressure is attained by using a high pressure in the reservoir and a gas of 


low density (see equation (9)). For practical purposes, however, the piston must 
be strong enough to withstand the high pressures generated during compression 
and so cannot be made very light. A design criterion based on the parameters 
discussed in § 2.1 may be obtained by requiring that the shock wave should reach 
a certain percentage of its asymptotic strength before it reaches the end of the 
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tube. (The strength of a shock wave is defined for this purpose as the ratio of 
pressures across it.) In practical cases this strength is about 90 % ofits asymptotic 
value. 
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Figure 2. (a) Illustration of shock formation. (b) Details of starting process. 
PriPo = 120, ap/ay = 1, Ye = Yo = 14. 
2.3. Shock reflexions and deceleration of the piston 

When the shock wave reaches the end of the tube, it will be reflected and move 
back into the gas which was following it (see figure 3). When it reaches the face of 
the piston it will again be reflected and the shock wave will return to the closed 
end. Because of the shock reflexion at the piston face, the pressure there is 
increased from p, to p,. An expression for this has been given by Glass (1958, 
p. 93) and when written in the present notation is 


((3y —1)r—(y—-1)\ 


¢ = mi ’ (14) 
Ps = Ps! | (y—1)r+(y+1) J 


where r is the pressure ratio across the shock wave reaching the piston. 
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The increased pressure on the front of the piston now causes it to decelerate. 

Expansion waves are propagated forward, and those which catch up the shock 

before it reaches the end of the tube will weaken it. At the same time compression 

‘ waves are being formed in the driver gas. The pressure at the two faces of the 


$$ 


| 
Shock wave in 
driver gas } 





> 


FIGURE 3. Sketch showing reflected shocks. 


piston may be calculated by a method somewhat similar to that used for the 
initial piston motion. The pressure on the front face, 3, is found by assuming an 
unsteady expansion from the point where the shock wave was reflected. Thus 
2 2yoyy—1 
_ I, Yo — 1 Au)?%o% 
(oe Ps | eos 


2 as} 


’ (15) 


where Aw is the change in velocity during deceleration, and a, corresponds to pz 
(after shock reflexion). 

The pressure on the rear face, p/,, is found by assuming that a shock wave 
forms as before. Thus 

Dy pf) pro Me + satay, (16) 
i = ap 

where 2, = (yp + 1) (Au/a,), pp and ap are quantities in the driver gas just before 
the piston starts to decelerate. 

Then from (15) and (16) 


(p3—Pp)A =m, (17) 

and, as in equation (13), 
= es ° (18) 
From this expression the piston motion may be calculated as described in 


§ 2.1. 


Having determined the piston motion, the method of characteristics is again 
used, as in $2.2, to plot the strength and position of the shock wave, and the 


calculation proceeds until the shock wave again reaches the piston. Values for 
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p; and a, are then calculated and the process is repeated for the next deceleration 
period. After a number of reflexions, usually two from the end of the tube and 
two from the face of the piston, the shock wave is so weak that no further entropy 
change occurs in the gas. 


2.4. Final stages of the motion 
Because of the complex wave system generated in the motion described above, 
some time will elapse before steady conditions are established in the compressed 
gas. However, all oscillations will eventually be damped out, and a steady 
pressure will exist throughout the system. Because the reservoir gas now fills the 
tube as well, the pressure will be somewhat lower than p,,, and it will be denoted 
by pr. 
The temperature in the final steady state, 7;,, is 


i= (Yo-D/¥o 
Ty = TPF lee p, (19) 
| pol 
wheres = (ds), is the total entropy change during compression. 
all 
shocks 


3. Simplified calculation procedure 

The detailed calculation described in § 2.3 is laborious, since it requires alternate 
use of numerical integration and a graphical procedure. An approximate method 
of determining the final temperature is to assume that the shock wave is never 
affected by the deceleration of the piston, but continues to reflect as though the 
piston were moving with constant velocity until the shock is so weak that no 
further entropy change occurs. Evans & Evans (1956) have studied this problem 
and concluded that there is very little change in entropy after three shock 
reflexions. Since in any case the shock wave is not affected by the piston decelera- 
tion until after the second reflexion, it is to be expected that the (estimated) 
temperature given by this method will agree well with the calculations of § 2. 

The formulae given by Evans & Evans (1956) are 


Py (A+pt+4)(At+pmt+3)(A+p4+2)(A+p41) 


= : ; (20) 
Po (A+ 3) (A+ 2) (A+ 1)A 
T, (A+p+4)(A+4) (21) 
1) a (A+p)A ; ‘ 
where av t= FSi 
 Py/Py— 1 a yD 


and p,/p, is the pressure ratio across the initial shock wave when it reaches the 
end of the tube. 
The final temperature, 7',,, is 
(y-L/y 
, m | Pri’ : 99 
lee ‘ (22) 
Ps 
The temperatures derived in this way are plotted in figure 4 for different values 
of w/a) and various compression ratios. 
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3.1. Comparison of methods 
Four sample calculations were performed using the procedure described in § 2 and 
also using the simplified method of § 3. The final temperatures calculated by each 
method are shown in table 1, and it may be seen that the maximum discrepancy is 
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FicureE 4. Temperature after compression by four shocks with isentropic expansion 
to various compression ratios. —, real gas; - - - -, perfect gas. 
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TasLeE 1. Comparison of characteristic method and approximate calculations 
for shock heating. 


only 6° . In the range of variables so far considered, the approximate method 
thus appears to be adequate so long as no intermediate values of pressure and 
temperature are required. If, for example, the peak pressures generated during 
compression are wanted, the full calculation procedure of § 2 must be used. 


3.2. Calculation for a typical compressor 


As an example of the methods described above, calculations were performed for 
the No. 1 hypersonic gun tunnel at A.R.D.E. This tunnel had a tube of 20mm 
diameter and was 60in. long. For this example the chamber contained air at 
1000 p.s.i. and the tube initially contained air at 14-7 p.s.i. The piston mass was 
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2g. The method described in § 2 was used to compute the variation of pressure 
with time at the closed end of the tube and the result is plotted in figure 5. For an 
experimental comparison, a strain-gauge-type pressure transducer was mounted 
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FIGURE 5. Variation of pressure with time at the closed end of the tube. Initial pressure 
of air in chamber 1000 p.s.i., in tube 14-7 p.s.i. Piston mass 2 g, tube length 5 ft., tube 
diameter 20 mm. —, theory; - - - -, mean of experiment. 








Ficure 6. Copy of oscilloscope trace showing the pressure 
at the closed end of the tube. 


flush with the closed end of the tube, and the tunnel was fired at the conditions 
used for calculation. The resulting pressure record is shown in figure 6.* The 
measured pressures are plotted in figure 5, which is drawn to a logarithmic scale 
for convenience. 

* The oscilloscope trace was started at a convenient time to display the shock compres- 
sion process. The high frequency oscillation is due to the gauge ringing at its natural 
frequency of 200 ke/s. 
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4. The use of a real gas 

So far we have dealt only with the case of an ideal gas having a constant ratio 
of specific heats, for which the formulae of Evans & Evans (1956) hold. Although 
the inclusion of real gas effects may lead to a different final temperature, it must 
be remembered that for most applications the requirements will specify a par- 
ticular value of enthalpy, and enthalpy for a given gas pressure is only weakly 
dependent on real gas effects. 

Such properties as heat transfer by radiation are, however, dependent directly 
on temperature and the effect of variations in the gas properties must be discussed, 
Values of the internal energy and compressibility of air have been tabulated by 
Hilsenrath & Beckett (1955) and the method of application of the tables follows 
that used by Mary Romig (1956). Stollery & Maull (1958) have discussed a similar 
calculation, and they show that for a given enthalpy the real gas temperatures 
are lower than the ideal values, which is advantageous because radiative heat 
losses are reduced. The results of calculations for a real gas are also shown in 
figure 4. 


5. Conclusions 


The effect of the finite mass of a piston on the multiple shock compression 
process has been calculated using a method analogous to the tangent-wedge 
approximation to determine the initial motion (acceleration period) of the piston, 
and using the method of characteristics to determine the position and strength 
of the shock wave ahead of the piston. This shock strength was then used to 
obtain the subsequent piston motion (deceleration period) again using the method 
of characteristics, and it was found that there was a significant change of entropy 
through the first four shock waves. The final temperature (after expansion of the 
gas to a given pressure) was calculated by summing the entropy changes. It was 
also found that a good approximation to the final temperature could be obtained 
by assuming that the shock wave reflects three times while the piston moves at 
constant speed, and that the gas then expands to its final pressure. Experiments 
carried out at A.R.D.E. using an air-operated piston compressor have confirmed 
some of the calculated values of shock strength. 


The author wishes to thank Dr R. N. Cox of A.R.D.E. for suggesting the basis 
of this study, and for his helpful criticism. 
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On the effect of the molecular diffusivity in 
turbulent diffusion 


By P. G. SAFFMAN 
Department of Applied Mathematics and Theoretical Physics, 
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(Received 3 October 1959) 


It is shown that the dispersion of a substance, with molecular diffusivity x, in a 
stationary, homogeneous, turbulent velocity field can be formulated in terms of 
a‘substance auto-correlation function’, this being a generalization of the well- 
known Lagrangian correlation between the velocity of a fluid particle at different 
times. It is found that the interaction between the molecular diffusion and the 
turbulent motion reduces the dispersion from the value it would have if the 
processes of molecular and turbulent diffusion were independent and additive. 
The conflict, between the results obtained in this paper and previous results which 
implied that the interaction increases the dispersion, is resolved. The ratio, of the 
contributions to the dispersion from the interaction term and the turbulent 
diffusion term, is obtained for comparatively large times by the use of intuitive 
arguments, and is found to be inversely proportional to the Prandtl number and 
a Reynolds number of the turbulence. 


1. Introduction 
Taylor (1921) showed that the mean-square displacement or dispersion, in a 
given direction, of infinitesimal fluid particles from their original position in a 
turbulent velocity field is 
ss rt et’ 
Y2(t) =2 | dt’ | v(t’) v(t”) dt’, (1.1) 
J to J 
where v(t) is the velocity of a fluid element or particle in the given direction. The 
integrand 
v(t’) v(t”) = R(t’, t"), say, (1.2) 
is the covariance of the velocity of a fluid element at time ¢” and later time t’, and 
is a Lagrangian auto-correlation function. When the velocity of a fluid element is 
statistically stationary in time, 


R,(t’,t") = 2S, (t' —t’) (1.3) 
rt—t, : 
and Y2 = 2 | (t—ty—1) S,(r) dr (1.4) 
70 


(see the review article by Batchelor & Townsend (1956); this is referred to here- 


after as I). 
18 Fluid Mech. 8 
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When the quantity or substance being dispersed is subject to molecular 
diffusion (e.g. mass or heat) with a diffusivity x, it can be shown (see I) that, 
provided t —t, is sufficiently small that 

9 4 K 9,\_1 ~ 
t—ty < (w*)-?, (t—to) < (w*)-, (1.5) 
Vv 
the effects of turbulent and molecular diffusion are linearly additive in the first 
approximation, giving a total dispersion 


D? = Y? + 2x(t—ty), (1.6) 


where w is the vorticity of the turbulent motion and v is the kinematic viscosity. 
(Henceforth, for brevity, we shall write w = (w?)}.) For larger values of t —f,, 
there is an interaction between the turbulent and molecular diffusion. Arguments 
are presented in [ (due originally to Townsend 1954) which give the improved 
approximation A = Dt— Y?—2x(t—t,) = 28x0%(t—t,)3 (1-7) 
to O(t—t,)® for times such that (1.5) is satisfied. That is, the effect of the inter- 
action is initially, and by implication for later times, to increase the dispersion 
over and above that due to the turbulent and molecular diffusions acting 
independently. 

It is the purpose of the present note to show that there is a fallacious step in the 
deduction of (1.7) ,and that in fact for stationary homogeneous turbulence 


A= —}xw(t—t))8 (1.8) 


to O(f —t))® when (1.5) is satisfied. Intuitive arguments are also given to show 
that, for larger values of t—f,), A is a decreasing function of t—t, and inversely 
proportional to the Prandtl number v/x. This is in qualitative agreement with 
measurements by Mickelsen (1960) of the width of the diffusion wake behind a 
source emitting helium (k = 0-725 cm2?/s) and carbon dioxide (k = 0-167 em?/s) in 
the turbulent air stream downstream of a grid in a wind tunnel. He found for 
values of t—ft, comparable with a time characteristic of the energy containing 
eddies that the values of D? — 2«(t—t,)) were 5°% or more smaller for helium than 
for carbon dioxide. 


2. The substance auto-correlation coefficient 

The reason why the dispersion of a substance differs from that of infinitesimal 
fluid particles is because the molecules of the substance do not move with the 
velocity of the fluid continuum (which can be regarded as a continuous function 
of position and time), but have relative to this velocity a random thermal or 
Brownian velocity, whereas the infinitesimal fluid particles are points which by 
definition move with the local fluid velocity. When the fluid velocity is zero, this 
Brownian velocity manifests itself as the molecular diffusivity. 

The dispersion of a mass-like substance released from a source in a turbulent 
flow (e.g. a gas in a turbulent air stream) is the ensemble or stochastic average of 
the displacement (squared) of a marked molecule of the substance, where the 


average is over the ensemble of all Brownian motions and the ensemble of all 
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realizations of the turbulent velocity field. The velocity of the molecule in a given 
direction is V(t) + q(t), where V(t) is the velocity of the fluid at the point occupied 
by the molecule and q(t) is the Brownian velocity. Hence, by analogy with (1.1), 


t rt’ 
Dt) = 2 [ dt' | Rit’, t”) dt”, (2-1) 
lo to 
where ROO) = CV (C)+ ae VE) +eE)p, (2.2) 


the angle brackets denoting an average over the Brownian ensemble and the 
overbar an average over the turbulent ensemble, and V(t)+q/(¢) is the total 
(component of) velocity at time ¢ of a marked molecule released from the source, 
at X) say, at time fp. 

In the absence of fluid velocity, in a homogeneous medium, q(t) is a stationary 
random function of ¢ with zero mean, so that 


a(t’) g(t")> = Q(t -#"), (2.3) 
and since in this case D? = 2x(t—t,), it follows (see (1.3) and (1.4)) that 
| Q(t) dr = k, (2.4) 
0 


where « is the molecular diffusivity. Moreover, it is known that Q(7) is negligible 
when 7 > 7,, where 7, is the mean time between molecular collisions, so that (2.4) 
holds when the upper limit of integration is any time large compared with 7,. 

We now suppose that the ambient fluid is in turbulent motion, and in particular 
we shall assume that the turbulence is statistically stationary and homogeneous*. 
In this case, q(t) + V(t) is a stationary random function of t with zero mean, and 
KR is a function of t’ —t”, i.e. 

R¢t’,0") = GV (+g V(t+7) +q(t+7)p (2.5) 
= ©(7), say, 
where 7 = t’—t”. Then D? is given by (1-4) with v?S,, replaced by ©. 

Now the statistical distribution of q(t) is determined by the molecular collisions 
with a time scale 7,, whereas the time scale of the macroscopic motion is at least 
of order w—!. Now wr, < 1, since otherwise it is not meaningful to regard the fluid 
as a continuum, and since the two time scales are so different, the Brownian 
motion and the macroscopic motion will be statistically uncorrelated (for a fuller 
discussion of this point see the Appendix). Hence, with error of order 7,, 


S(r) = (V(t) V(t+7)) + Cait) a(t +7) 


- 028 ,(7)+Q(7), say, (2.6) 


t 


where Q(r) has the value it would have in the absence of fluid motion, and v? is the 
mean square of a component of the turbulent velocity. It now follows that 
ri—t, 
2 Wd ’ oy 2 
D2 =2 | (t —ty —7) Sy(r) dr + 2k(t—ty), (2. 
70 
* It can be shown that the analysis given below is valid if the turbulence is homo- 
geneous in the direction of the dispersion only (e.g. longitudinal dispersion in a pipe). 
However, for the sake of simplicity of exposition, we restrict the discussion to completely 
homogeneous turbulence. 


> 
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and it can be shown (see the Appendix) that the error in (2.7) is of order 
KwT,(t—t,). S,(7) may be called the ‘substance auto-correlation coefficient’. 
Note that S,(7) + S,,(7), since the former is the correlation coefficient of the 
fluid velocity at two points which lie on the trajectory of a molecule, and the 
latter is the correlation at two points on the trajectory of an infinitesimal fluid 
particle. 
An expression for S,(7) can be obtained as follows. Let (x, t| Xo, tg) denote the 


solution of ag 
—+u.V0 = kV6, | 
ct (2.8) 


A(X, ty | Xo, to) = O(X — Xp). | 


(It is assumed throughout that the substance is dynamically passive so that the 
distribution of 7 has no effect on the turbulent velocity field u(x, t).) Then 6 dx is 
the probability, for one realization of the turbulence, that a marked molecule is 
in the element of volume dx at time ¢, given that it was at x, at time ¢). Let 
u.(X,t) be the turbulent velocity component in the same direction as V. Then 
V(t.) = tte(Xq, fo), and 


(V(t) = | Uo(X, t) O(X, t | Xp. to) dX. (2.9) 
so that vS(7) = (V(t) V(ty)> 
| W(X, t) Ua(Xp, to) A(X, t | Xp. ty) AX, (2.10) 


where ¢ = t, +7. In the next section, we shall calculate S,(7) for small 7, and in 
$5 obtained an estimate of its value for large 7. 

Incidentally, to put k = Ois equivalent to saying that q = Oand that a molecule 
and an infinitesimal fluid particle always coincide. In this case, V(t) = v(t), where 
v(t) refers to the velocity of a fluid particle (in contrast to V(t) which is the velocity 
of the fluid following a molecule), and S,(7) = S,(7). 

The expression (2.7) for D? involves only the fluid velocity and the molecular 
diffusivity «, and should presumably describe the dispersion of a non mass-like 
quantity like heat, whose diffusion is not readily identifiable with the dispersion 
of a marked molecule. This could be verified if it were possible to derive (2.7) and 
(2.10) from formal manipulation of the diffusion equation (2.8) and the expression 

DP = | s86dx, 


but an argument given in the Appendix implies that this may not be possible. 
“ A 


3. Calculation of S,(7) for small 7 


When the second of the conditions (1.5) is satisfied, the size of an element of 
substance released at X,,f,is small compared with the length scale of the rotational 
and straining motions of the turbulence. The diffusion equation (2.1) for 
A(X, t| Xo, t)) can then be written approximately as 
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where x’ is the position vector relative to the fluid particle with which the element 
of substance originally coincided, and the suffix p denotes that quantities are 
evaluated at the fluid particle (and are therefore functions of t only). It is easily 
verified that a solution of (3.1) exists of the form 

0 = 0,,(t) exp {— 4a,;;2; x3} (3.2) 
(see Townsend 1951), and that 
= {x(t—t))}-1 [6,; + Ofw(t —tp)}]. (3.3) 


hi; 


To evaluate S,, we note that 


ay, nt (Ote i _ a OMe 

U,(X,t) = v(t) +ai(5") + bejai(a . > +0(z . rt (3.4) 
where v(t) is the (component of) velocity of the fluid particle which was at x, at 
time ¢t,. Substituting into (2.9) and making use of (3.2), (3.3) and (3.4), we obtain 


(V(t) = v(t) + x(t —to) (V2ug), [1 + Ofo(t —to)}].- (3.5) 
Hence, from (2.10) and the fact that V(t.) = v(t), 
v2S a(t, to) = v2S,(t, to) + K(t—ty) U(ty) (V2u9), [1 + Ofe(t —to)}]. (3-6) 


The second term in (3.6) arises from the interaction, but it involves what is 
essentially a Lagrangian—Eulerian correlation. However, if t—t) is small com- 
ased wi -1 t] 

pared with w~!, then : - : ‘ " 

U(to) (V2ug),, = UgV*Us, (3.7) 
since V2u, is determined by the small-scale components of the turbulence which 
have a time scale w~!, and the time scale of v(¢) will be that of the energy con- 
taining eddies. Moreover, 


Us V7Us = V. (Ug Vulg) — (Vlg); 
where the first term is zero when the small-scale motion is homogeneous, and 
2 — ly? 
(Vu.)? = 40 


if it is also isotropic. 
It now follows from (3.6) that, 


1 Kw? 
8,(7) = S,(7) -—; =7+O(7?), (3.8) 
3 vy, 
and substitution in (2.7) then gives 
D? = Y? + 2«(t—t,) —AKw(t —ty)3, (3.9) 


correct to order (¢—t)®. The initial effect of the interaction between the turbu- 
lence and the molecular diffusion is thus to reduce the dispersion relative to the 
origin.* 

In view of the fact that this conclusion differs from that reached previously, it 
is perhaps worthwhile repeating qualitatively the present argument. An element 


* Since we are concerned here with the initial stages of the diffusion, it would in fact 
suffice for the present argument if only the small-scale components of the turbulence were 
stationary and isotropic. 
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of substance spreads initially due to molecular diffusion like 6 = {x(t —tg)}4. The 
order of magnitude of the difference between the velocities with which different 
parts of the element are convected is 6(Cu,/Cx) + $6°(C?u,/ea*) + smaller terms. For 
homogeneous turbulence, the covariance of wu, and Cu,/¢x is zero, but that of u, 
and ¢?u,/Cx*? is negative. Thus on average, the speed at which the substance is 
convected away from the source is less than that of the (originally coincident) 
fluid particle, and the dispersion is thereby reduced. 

Another way of phrasing the argument is to note that from (3.8) S;(7) < S,(7). 
at least initially. That is, the effect of molecular diffusion is, so to speak, to make 
the melecules of the diffusing substance forget more quickly than infinitesimal 
fluid elements what their original velocity of convection was. Since we should 
intuitively expect this effect to become more marked as 7 increases, we conclude 
that S,,/S,, is a decreasing function of 7, and that A continues to decrease as t —t, 
increases.* We shall return to this point in $5. 

It remains to discuss why the results given here differ from those obtained in I 
by a somewhat different analysis. Light is thrown on this by consideration of 
the dispersion of a small amount of the substance released instantaneously, i.e. 


a spot. 


4. Dispersion of a spot 

A corollary of the present argument is that the centroid of the spot will lag 
behind, on average, the fluid particle released at the same instant. To calculate 
by how much, we multiply (2.8) by y and integrate over all space, obtaining 


| (y—Y,)Odx = | (ug—v) Odx, (4.1) 


d 
dt . 


where y,, and v are the displacement and velocity of the fluid particle. To the same 


order of approximation as in §3, the right-hand side of (4.1) can be evaluated to 


give . 

| (uy —v) OdX = K(t—ty) (V225),y- (4.2) 
The left-hand side of (4.1) is the rate of change of the distance (in the y-direction) 
between the centroid of the heat spot and the fluid particle. The displacement of 
the centroid relative to the origin is therefore Y + }«(t—t9)? (Vu), correct to 


order (f—t))*. Since Y = v(to) (¢—t)) for small values of t—t), it follows that the 


dispersion of the centroid is, relative to the point of release, 


Y?— 1Kw*(t —t)8, (4.3) | 


where ¥? is the dispersion of the fluid particle. 

Moreover, it is easy to calculate the shape of the spot for small values of t —t, 
(see Townsend 1951), and it follows from his results that the dispersion in a given 
direction of the heat spot relative to its centroid is 


2x(t —ty) + 4«(t —ty)3 (a? + £2 +y?), (4.4) 


9 


* A very similar argument was put forward independently by Dr T. H. Ellison in a 


private communication in 1956. 
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where «, £ and y are the principal rates of strain, and a? + 62+? = Jw®. Notice 
that the interaction term in (4.4) is positive, so that the interaction increases the 
dispersion of the spot relative to its centroid and, as a consequence, increases the 
rate at which the maximum concentration in the spot decreases, as was verified 
experimentally by Townsend (1951). However, combining (4.4) and (4.3), we find 
that the dispersion of the spot relative to the point of release is given by (3.9). That 
is to say, although the dispersion of the spot relative to its centroid is increased by 
the interaction, the dispersion of the centroid of the spot is reduced by a greater 
amount so that the total dispersion relative to the point of release is reduced. 

We can now account for the difference between the present result and that given 
previously in I. In that work, the width of the contorted diffusing wake behind 
a continuous source moving (rapidly) through a turbulent velocity field was 
calculated, and it was shown that the effect of the interaction is to make this 
greater than 2«(t—t,). The present work in no way contradicts this result. How- 
ever, it was tacitly assumed in the previous work that the instantaneous axis of 
the diffusing wake coincides with the locus of the fluid particles coming from the 
source. The present work shows that this assumption is unjustified, and that on 
average the displacement of the instantaneous axis is less than that of the fluid 
particles by an amount which more than compensates for the increase in the 
instantaneous wake width due to the interaction. 


5. The interaction for large times 

All the available evidence indicates strongly that Y*oc (t—t)) when t—t, is 
comparable with t,, a time characteristic of the energy containing eddies, and 
that we can write Y? ~ Cet (t—t,) (5.1 

a e 0/> ov. ) 
where C is a constant of order unity. (For definiteness, we may suppose ¢, is given 
by vwt,/v? = 3; then for the decaying homogeneous turbulence downstream of a 
grid t, = t, where t, is the time from a vertical origin at which the energy of the 
turbulence is infinite.) The expression (3.9) can be written 

e 3 

D? = Yi+2x(t—-t,) ae 4—) 

l t, 
and is therefore clearly of limited value since it becomes negative ast — t, increases. 
In fact, (5.2) is unlikely to hold far outside its theoretical range of validity as 
given by (1.5). This is in practice so small (see I) that it is desirable to make an 
estimate of D? for larger values of ¢ — ty. The following discussion is intuitive and 
somewhat speculative, but seems worth giving in the absence of anything better, 
and the conclusions should be amenable to experimental investigation. 

We still consider stationary, homogeneous turbulence, although later we shall 
apply the conclusions to cover decaying homogeneous turbulence behind a grid. 
The general argument presented at the end of §3 shows that S,,(7) > S;(7), and 
moreover the argument implies that S,,/S; is an increasing function of 7. Now this 
ratio is determined primarily by an interaction between the molecular diffusion 
and the small-scale straining motions, so that when 7 > w™! the interaction will 
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cease to have any further effect and S,,/S, should tend to a value independent of 7. 
We can express this argument formally as follows. 
It follows from (2.10) that 


a 


S,(7) —S,(7) = cy | O{u, — v(t)} v(to) dx, (5.3) 


where 7 = t—f,. Now the value of #{u, — v(t)} is determined mainly by the small- 
scale motion, whereas v(t) is determined by the energy containing eddies, which 
mggorta that {uy —v(t)} (to) = S,(7) Ofuy — v(t)} v(t) 

when the Reynolds number of the turbulence is sufficiently large, where the term 
with the overbar is determined mainly by the molecular diffusivity, the rate of 
strain, and vr. Hence, from dimensional considerations, 


Si(7) —S,(7) = —(v?) 8S, (7) kof (wr), (5.4) | 


where f(w7) is a positive increasing function of 7 to express the idea that the inter- 
action continues to grow with 7. When > w—!, f(w7) either tends to a constant or 
infinity; the latter is impossible since it would make D? negative, so we come to 


the conclusion that S,(r) —S,(7) = —axo(v®)+ S,(7) (5.5) 


when wt > 1, where a is a (positive) constant, of order unity, depending on the 
structure of the turbulence. 
The relation (5.5) suggests that an appropriate expression valid for all 7 is 
\ ) ' = - 2\-1 9 —bwt\ re 
S,(7)—S,(7) = —axw(v?)-! S,(7) {1 —e-} (5.6) 


which agrees with (3.8) for wr < 1 if ab = }, and reduces to (5.5) when w7 > 1. 








The derivation of (5.5) or (5.6) is intuitive and far from watertight, but the | 


argument is supported by the fact that these expressions have the properties 
which we should intuitively associate with S,—S,; e.g. the contribution to the 
interaction from the energy containing eddies is independent of the contribution 
from the small-scale motion, and the greater « and w, the greater the interaction. 
(Moreover, multiplying (5.5) or (5.6) by any function with a time scale comparable 
with ¢,, to take account of any possible effect of the energy containing eddies on 
the interaction in addition to that represented by S,(7), can be shown to have 
insignificant effect.) 
It now follows from substitution into (2.7) that, for w(t—t)) > 1, 


y2 


ieee rz ceil 
A = -—akw = —a/15—- Ry! Y?2, (5.7) 
: aia 


v 


where R, is the Reynolds number based on (v,)! and the dissipation length para- 
meter A = ,/(15v?/w?). Thus A/ Y? is inversely proportional to the Prandtl number 
and R,. The ratio of |A| and the direct effect of molecular diffusion is 

|A| . 


_ _aCt 5.8 
2e(t—) 415 sai 





where we have used (5.1) for Y?. Thus if the Reynolds number of the turbulence is 
sufficiently large, the direct effect of molecular diffusion is small compared with 
the interaction term. 
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For decaying homogeneous turbulence downstream of a grid, it is known that 

R, is constant during the initial period of decay, and that 
1oOUM 
at, 
A »p 

where U is the mean velocity, M is the spacing length of the grid, and A is a 
constant depending on the grid shape (A = 135 for the grids employed by 
Mickelsen 1960). We can therefore obtain an estimate of a from the data presented 
in figure 2 of his paper. Taking a rough mean of his measurements for 


(t —ty)/ty > 0-6, 


(5.9) 


we obtain (neglecting one pair of points which appear inconsistent and which may 
be due to experimental error) 


Aco, — Ante 
ar He = 0-18 for R, = 20 
=0-07 for R, = 40, 


whereas (5.7)predicts that this ratio should be 13-5a/R,. Theexperimental measure- 
ments are therefore in rough quantitative agreement if a = 0-23. Incidentally, 
for these comparatively low values of R,, the interaction and the direct effect of 
molecular diffusion are of the same order of magnitude. 


Appendix 

We shall now discuss the covariances (q(t) V(t+7)> and <q(f+7) V(t)>, which 
are functions of 7. Let p(x, q, t | Xo, 4) denote the probability, for t—t) > 7, and for 
one realization of the turbulence, that a marked molecule of the substance is in 
the element of phase space dx dq, given that it was at X, at time ty with Brownian 
velocity qo, where the function p is a random variable over the ensemble of the 
possible turbulent motions. The assumption of the independence of the Brownian 
and macroscopic velocities is here made use of explicitly by saying that p is 
independent of qy when t —f, > 7,. We have 


e 


O(x,t|Xo, to) = | p(X, G,¢| Xp, to) dq, (A 1) 
where @ is the solution of the diffusion equation (2.8), and moreover 
: 00 
| ap(x. ,t|Xq,to)dq = —K =~ (X,t| Xo to), (A2) 
0 i 


where the suffix i denotes the component in the 7-direction. 
If f is any function of the marked molecule, 


(fy = | [fraxda, 
and (f> = lim | (fax, 
V-o@ V 


since the turbulence is homogeneous and an average over the turbulent ensemble 
is equivalent to integrating with respect to X, over a large region of space. 
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It now follows that 
Walt 


(qi(t)) = —« | < dx = 0, (A3) 
Cx: 
and that (q,(t)>) = — <V,(t)> = (0. 


The covariances are given by (no summation implied and writing ¢t’ = ¢t+7) 
(q(t) Vi(t+7)> = | | | | u(x’, t’) p(x’, a(,t'|x,)dx'da'| 4; P(X. q. t | Xo, to) dx dq 


|x, t) A(x, t | Xp, to) dx dx’, (A4) 


Fa 


| | q; p(x’. q’, t’ | x, indx'dq’| u(x,t) p(X, q.t| Xo, tp) dx dq 


«ev lve 





Ci en 


«|| A(x’, t’ |x, t) u,(X, t) OX, t| Xp. fo) dx dx’, (A5) 
ay | 


where we have made use of (A 1) and (A2). We note that (A5) is zero, since the 
integral with respect to x’ vanishes, but that (A 4) is not in general zero for one 
particular realization of the turbulence. (The physical interpretation of this 
result is that, by (A2), the value of q; at a point x is correlated with x if the mole- 
cule has come from X,, and the continuum velocity at x’ is also correlated with x.) 
However, the average of (A4) over the turbulent ensemble vanishes since 


| =~ O(x, t | Xo, fo) dX_ = 0. 


Hence (dropping the suffix 7) 


(q(t) V(t+7)> = <q(t +7) Vit)> = 0, 


provided, of course, T > 7,. 

If this last condition is not satisfied, the covariances will not in general vanish. 
We can obtain an estimate of this effect as follows. The covariance does not vanish 
in a time of order 7, because the molecule still remembers, so to speak, that it has 
come from a region where the fluid velocity differed by an amount of order Aw, 
where A is the mean free path. (It is only differences in the fluid velocity that 
matter.) Thus, (Vi gqit+7) = Awgf(r/r,), 
where q is the root-mean-square Brownian velocity and f is dimensionless, and 
similarly for the other covariance. A contribution of this type to G(r) gives a 
contribution to D? of amount 


2AwqT (t—t) 





when ¢—t,) > 7,. Remembering that Aq/k = O(1), we see that this is negligible 


compared with 2«(t—f)). the direct effect of molecular diffusion. Similarly, the 
difference between (q(t) q(#+7)) and the value it would have in a fluid at rest gives 
rise to an effect of the same order of magnitude. 
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Finally, a comment seems appropriate on the difficulty of deriving the expres- 
sion (2.7) from formal manipulation of the diffusion equation. The point seems to 
be that the @ in (2.10) is really a probability, whereas the @ in the diffusion equation 
is a concentration. The two are the same only if w7, < 1, and so it appears that 
formal manipulation of the diffusion equation, without explicit use in some way 
(not yet clear) of the condition w7, < 1, will not give (2.7). 


[ wish to thank Dr T. H. Ellison for the benefit of a lengthy correspondence, in 
which a fallacy in earlier arguments, in particular the non-vanishing of the 
covariance (q(t) V(t+7)>, was made clear to me. 
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The compressible viscous heat-conducting vortex 


By LESLIE M. MACK 


Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 
(Received 12 November 1959) 


The plane, steady, laminar vortex flow of a viscous, heat-conducting perfect gas 
is treated. Simple relations are obtained for the flow quantities in the irrotational 
vortex, for arbitrary Prandtl numbers. When the Prandtl number is 3, the irro- 
tational vortex is also isentropic. When the temperature dependence of the 
viscosity coefficient is taken into account, the vortex flow is rotational. An exact 
solution for the rotational vortex is obtained which is suitable for numerical 
evaluation by successive approximations. Distributions of velocity, tem- 
perature, pressure, density, and stagnation temperature through the rotational 
vortex are given for a typical case. 


1. Introduction 

This paper treats the generalization of the potential vortex to a vortex in a 
viscous, heat-conducting, perfect gas. Such a vortex can be generated by a 
circular cylinder rotating in a fluid of infinite extent initially at rest. The final 
steady-state flow is a vortex. This vortex is to be distinguished from one driven by 
a radial flow carrying angular momentum inward. 

When the rotational speed of the driving cylinder is low, the temperature 
variation across the vortex is small and the viscosity coefficient can be assumed 
constant. Then the flow is irrotational even in a viscous fluid, but is not, in general, 
isentropic. The irrotational isentropic solution is a special case of the spiral flow 
of Taylor (1930). Taylor gave an expression for the minimum radius of the vortex. 
However, even for irrotational flow, viscosity and heat conduction influence the 
temperature distribution, and the question to be answered is whether or not an 
isentropic vortex is possible in a real gas. 

When the rotational speed of the driving cylinder is high, the temperature 
yariation across the vortex is large and the temperature dependence of the 
viscosity coefficient must be taken into account. With a variable viscosity 
coefficient, the vortex is no longer irrotational. The details of the rotational 
vortex, and particularly the manner in which the distribution of the flow quan- 
tities differs from the irrotational vortex, are investigated in the following 
sections. 


2. Equations of motion 


The equations of motion for the two-dimensional vortex flow will now be 
developed. The streamlines are concentric circles. There is a single co-ordinate, 
r, the radius, and a single velocity component, v, the tangential velocity. The 
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flow is laminar and the tangential momentum equation has no inertia terms or 
pressure-gradient term. This equation is 


d d (v\ 
ru —|-}| = 0, 2.1 
| Par \r a 
where / is the viscosity coefficient, a function of temperature. The shear stress is 
d [v 
T= pr - ), 2.2 
OY Or (; ane 


and the first integral of (2.1) can be written 
G = 2nr?7r = const. (2.3) 


( is the viscous torque for unit length normal to the plane of flow. From (2.1) 
it is apparent that for constant j the irrotational velocity distribution v ~ 1/r 
is still a solution. However, when yw varies along the radius, an irrotational 
solution is no longer possible. 

The radial momentum equation equates the force resulting from the pressure 
gradient to the centrifugal force, and is 


dp pv 
= : 2.4 
dr r +4} 


where p is the pressure and p is the density. 
In the absence of convection terms the only two terms left in the energy equa- 
tion are the work done by the shear stress and the heat transferred by conduction. 


The equation is d | aT die 
vr = 0, 


dr dr ails dr 


(2.5) 


“uy 


where 7’ is the temperature, and k is the coefficient of thermal conductivity, 
a function of temperature. The first integral of (2.5) can be written 


di ‘vy const. ; 
+ our =— o (2.6) 
dr dr \r 2mur 


where o = c,,/k, the Prandtl number, has been introduced. The temperature 
has been replaced by i, the specific enthalpy, and c,,, the specific heat at constant 
pressure, by use of the perfect gas relation i = |c,d7’. The heat transfer rate per 


unit length normal to the plane of flow is 


‘ly 


q = —2ark—. (2.7) 
dr 
With (2.7) and (2.3), (2.6) can be written 
q = wG +const., (2.8) 


where w is the angular velocity. For the vortex, » — 0 at infinity and the integra- 
tion constant in (2.6) and (2.8) is identified as the heat transfer at infinity. The 
term with the integration constant in (2.6) also appears in steady-state heat trans- 
fer through a solid and leads to a logarithmic temperature distribution. Con- 
sequently, the steady-state vortex extending to infinity must have zero heat 
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transfer at infinity. Then q = wG at every radius, and at the cylinder driving 
the flow an amount of heat must be withdrawn per second just equal to the power 
required to maintain the flow. 

The system of equations is completed by the equation of state for a perfect gas 


p = pRT, (2.9) 


where F# is the gas constant per unit mass. 
The boundary conditions are as follows 


v=© at r=—c. (2.10) 


This condition eliminates the solid-body solution. The requirement of zero heat 
transfer at infinity is met by setting the integration constant in (2.6) equal to 
zero. At some radius, 7,, the velocity and temperature are given, 


o=g, T= at r=. (2.11) 
Alternatively, the Mach number 1, and temperature can be given. Two con- 
: 1 § 


venient choices for 7, are the radius of the cylinder that drives the flow, and the 
sonic radius. 


3. Irrotational solution 


When v is a constant, the tangential momentum equation (2.1) can be in- 
tegrated to give, with (2.10) and (2.11), 


wie oe, (3.1) 


This is the familiar irrotational-vortex velocity distribution. With the intro- 
duction of dimensionless quantities, (3.1) can be written 


= (3.2) 


where the asterisk means that the quantity is divided by its value at r = 7. 
With the velocity distribution known, the energy equation (2.6) can be in- 
tegrated. The result, with the integration constant in (2.6) zero and Prandtl 


number constant, is 
i+or? =1,+ 00}. (3.3) 


With the further assumption of constant specific heat, (3.3) can be written in 
terms of the temperature. The result, in dimensionless form, is 


T* =1+(y- lo Mi( 1 — za) (3.4) 


where y is the specific heat ratio. It can be noted from (3.4) and (3.2) that only 
the Mach number at 7, has to be specified for the irrotational solution. This is 


true as long as both c, and o are constant. 
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The pressure-temperature, density-pressure, stagnation-temperature, and 
stagnation-pressure relations can all be readily obtained. They are: 


p* — T¥viy—-b v 2o0(y—1) (3.5) 
p* = p*a Ylyy—-D 20] | (3.6) 
Ty) _1+4y-1) I? pee 
T, 1+(y—l)oM’ - 

Po 7 es yy—-)) | 32 (yy—-)))] 1-41/20)) a 
p(n) (a) 7 38) 


The subscript © refers to conditions at r = «. The stagnation temperature and 
pressure are defined in the usual manner. Since the gas is at rest at infinity, 
both p,, and 7", are also local stagnation values. 

These results being out the strong dependence of the flow quantities on the 
Prandtl number. The case of « = } is of particular interest because for this value 
of the Prandtl number (3.5) and (3.6) reduce to the isentropic relations, and pp» 
and 7, are constant. This result identifies the isentropic solution as a special 
case of the irrotational vortex flow of a viscous, heat-conducting perfect gas. 

For a given V, the solution obtained applies only outside of a minimum radius 
given by (3.4) for 7 = 0. By (3.5) and (3.6), p and p (for a < Sy/(y—1)) are also 


* 


zero at this radius. The expression for 7%,,,, is 
y-l)oM; 


‘ I( ( - 
Pea | ; 3.9 
min rN | | l 1 (y =e! 1) ao M? ( ) 


If r, is the sonic radius, r>,,, depends only ony anda. With y = 1-40anda = 0-70, 


mim 
ruin = 0°468; for the isentropic vortex 7%; = 0-408. The supersonic region of 
a vortex is, therefore, restricted to an annulus not much wider than the diameter 
of the driving cylinder. The existence of this limiting radius does not, of course, 
mean that a steady vortex flow with a hole in the middle actually exists. The 
vortex must be associated with a means of producing it, which in the absence of 
a radial flow carrying angular momentum inward can only be a rotating cylinder. 
The vortex flow then is always outside of a solid boundary. Any size rotating 
cylinder will produce a vortex. It is only when a Mach number is specified at a 
fixed radius that there is a lower limit to the size of the cylinder that can satisfy 


this condition. 


4. Rotational solution 

The irrotational solution can be expected to be accurate only for low Mach 
numbers where the temperature variation across the vortex is not large. For the 
higher Mach numbers the temperature dependence of must be taken into 
account. The variable y solution will be set up in such a way that enters essenti- 
ally as a correction factor to the irrotational solution. For this purpose a new 
variable, &, is introduced to replace r. This transformation permits the integration 
of (2.1), the tangential momentum equation, for the angular velocity. It is 


apparent that this variable is dr 
dé = — (4.1) 
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The expression for r in terms of & is 


l rs 
oa = | dg, (4.2) 


. 


where the lower integration limit has been chosen so that £ = 0 at r = o. 
When vz is constant, € equals the inverse square of the radius except for a 
constant factor. The dimensionless irrotational velocity and temperature in 


terms of ~ are 
: lox ‘ 
= /6*, (4.3) 


and T* = 1+(y—1)oM2(1-&*), (4.4) 
where £ has been made dimensionless with respect to £,, which is defined by (4.2) 
at r = 1. 

The rotational correction factors to (4.3) and (4.4) are readily found. Integra- 
tion of (2.1) yields 





a 
= o%* (4 )) 
x. . et 
re 
If now the circulation, [ = 27rv, is introduced, (4.5) and (4.2) give the result that 
Pa 
| u* d&* 
‘y ~0 > 
eo re (4.6) 
* /] o% 
re u* dé 
> /0 


The circulation then varies inversely with the average value of «* between 
infinity and &*, the average being taken over ¢*. Since the temperature increases 
monotonically from the driving cylinder to infinity, ~ does likewise. Therefore, 
the average * increases away from the cylinder and the circulation decreases. 
are 
The integral | *d&* will be referred to as the ~* integral. 
70 


The relation between € and r, (4.2), can be written in dimensionless form in 
terms of ['* as 


['* 
fn cs 
. = pe" (4.7) 
The velocity, from (4.5) and (4.7), is 
p* = JE* JT, (4.8) 


and the rotational velocity is just the irrotational velocity at the same &* 
multiplied by /T*. 
The energy equation (2.6), with the integration constant zero, can be mani- 
pulated into the following form 
di v2 


ats =; (4.9) 


With constant specific heat and Prandtl number, (4.9) sii with the use of (4.8), 


T* = 1+(y—1)oM%(1-£*) 1 Pees 





Tage). (4.10) 


The correction factor to the irrotational temperature distribution is the average 


circulation. The average here is taken between the reference point and &*. 
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Because (4.8) and (4.10) contain , the rotational solution is, in general, depen- 
dent on 7; in addition to M,. 

With the velocity and temperature known, the pressure can be obtained from 
(2.4), the radial momentum equation, and the equation of state. The result is 
PL yt? 
we F* [f 


~0 


log p* = 4y Mj dg*. (4.11) 


pe*dg* 


From (2.3), (4.5) and (4.2) the expression for the torque is found to be 
ei 
= 400,27, | wr de*. (4.12) 
/0 


where the negative sign appears because the cylinder exerts torque on the gas. 
If (4.12) is written as G = —4nfiv,",. (4.13) 


i 
where p= BM; | p*dg*, (4.14) 
/0 


then (4.13) is identical in form to the expression for the torque of an irrotational 
vortex. Consequently, the torque required to maintain a rotational vortex is 
equal to that required for a related irrotational vortex. If, is the radius of the 
driving cylinder, the related vortex has circulation equal to that of the rotational 
vortex at the cylinder, and has a constant viscosity coefficient equal to the 
average rotational viscosity coefficient, the average being taken over £*. 

The solution of the rotational vortex has been reduced to the evaluation of the 
circulation, which, by (4.6), means the evaluation of the ~* integral. The method 
of successive approximations is very appropriate here for a numerical solution 
since the irrotational solution is available for the initial approximation. For 
supersonic Mach numbers, the irrotational solution is not a close first approxi- 
mation, and something better would be useful. Since the irrotational tem- 
perature varies linearly with € and yu ~ T is often a useful approximation, the 
assumption of a linear relation between yw and € is suggested. Therefore, let 


e* = ws — (ue — 1) &*. (4.15) 


With (4.15) the ~* integral can be evaluated and the velocity and temperature 
distributions obtained. The results are 


1—d¢* 1-6 \} ' 
mitre) ihe eacai 
" »l- 1—d€* m 
T* = 14+(y-l)oM{ 3 log a (4.17) 
Pe » ] ~ ee 
where 6 is defined by pee al A 


2 fe 
The use of 6 as a parameter is equivalent to the specification of 7, and T,, as the 
boundary conditions rather than 7, and M,. M, is determined from (4.18) at 
£* — 0. If 7, and M, are retained as the boundary conditions, then a trial-and- 
error process involving (4.17) and the viscosity law is necessary to find 4. 
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5. Numerical results and discussion 


The numerical computations have been performed for air using the Sutherland 
viscosity law, 145-873 

1x 107 = : 

p T +110-4’ 


where 7’ is in °K, and y is in poises. The constants are those given by Hilsenrath 
et al. (1955). For J’ < 110-4°K, wis taken proportional to 7’. The ratio of specific 
heats, y, is 1-40, and the Prandtl number is 0-70 unless otherwise noted. 

A convenient way of presenting the distribution of flow quantities through the 
vortex is to fix the temperature at the sonic radius and then calculate the tem- 


(5.1) 


perature, pressure, etc., as functions of the radius from the minimum radius to 
infinity. The temperature distribution according to the exact solution is shown 
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KiGuRE 1. Vortex temperature and velocity distribution. o = 0-70, y = 1-40. 
, Exact rotational solution, 7, = 800 °K; ——-, irrotational solution. 


in figure 1 for a sonic temperature of 800 °K. The subscript s refers to sonic con- 
ditions. Also shown is the irrotational solution with the same Prandtl number. 
This solution is independent of the temperature. The local Mach numbers are 
also shown in the figure. It can be seen that although for r/r, < 0-8 the two curves 
diverge considerably, at the same Mach number the temperatures are roughly 
the same. The minimum radius obtained from the rotational solution is larger 
than obtained from the irrotational solution, even further narrowing the 
supersonic region of the vortex. 

The velocity distributions are also shown in figure 1. The rotational velocity 
distribution is characterized by having a steeper slope than the irrotational 
distribution. This is a result of the necessity to maintain constant torque even 
though the viscosity coefficient decreases with decreasing radius. Ultimately, 
at the minimum radius where y = 0, the velocity slope is infinite. 

The pressure distributions are shown in figure 2. In contrast to the situation 
with the temperature, the irrotational pressure is much lower than the rotational 
pressure at the same Mach number. Since the irrotational isentropic pressure is 
still lower, the stagnation pressure of the rotational vortex must increase sharply 
with decreasing radius in the supersonic region. The exact solution has the 
interesting feature that at the minimum radius, where 7’ is zero, p is not zero. 
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This follows directly from (4.11). When y is constant near 7' = 0, p is also zero 
because the integral has a logarithmic singularity there. However, when y goes 
to zero with any power of 7’, the singularity is not present and p does not go to 
zero. A consequence of this situation is that the density must become infinite as 
shown in figure 2. Since the assumption of a perfect gas is not valid under this 
circumstance, the solution is physically meaningless near the minimum radius. 
However, the density minimum occurs in a region where the solution is valid. 
For instance, with the sonic temperature of 800 °K, the density minimum is at 
168°K. The reason for the density minimum can be found by examining the 
equation of state. Logarithmic differentiation of (2.9) gives 


d(log p*) = d(log p*) | l _ log 7 | : P 
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——, Exact rotational solution, 7’, = 800 °K; ——-, irrotational solution. 


FicurE 2. Vortex pressure and density distribution. o = 0-70, y = 1-40. 


Therefore,the sign of the density change is opposite to the sign of the pressure 


change if d(log T'*) i (5 3 
d(log p*) _ 


From (4.10), (4.11) and (4.8) this criterion can be written 
ere Ai. l 
nee | | p*dé* < 20 a (5.4) 
/0 ¥ 


The left-hand side of (5.4) is zero at the minimum radius and unity at infinity 
(€* = 0). The right-hand side is always less than one for a gas. For the irrotational 
vortex (5.4) can never be satisfied, and the density decreases with the pressure 
throughout the vortex as shown in figure 2. However, for the rotational vortex, 
as the radius decreases, a point is reached below which (5.4) is always satisfied 
and the density increases, even though the pressure is decreasing. 

The importance of the Prandtl number in this type of vortex flow is emphasized 
by the results shown in figure 3 where stagnation temperature distributions 
outside of a cylinder rotating with J/, = 2:75 and 7, = 100°K are shown for 
Prandtl numbers between 0-50 and 0-80. The linear solution was used for the cal- 


culation as it gives a result within 1 ° of the exact solution for these conditions. 
19-2 
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The quantity plotted is T,/T7,,, and with 7, fixed, T,, increases about 30% as the 
Prandtl number increases from 0-50 to 0-80. The abscissa is taken as 1/r*? 
in order to include the entire flow on the plot, and also because this variable 
equals £* for irrotational flow. The location of the 7, minimum can be related 
directly to the Prandtl number. From the definition of 7, and (4.10), an expres- 
sl 0 is 1 

ion for 75 is Tt = 14 v— 


Mi(o¥? +20 [" reag*) (5.5) 
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FicurE 3. Effect of Prandtl number on stagnation temperature distribution. 
M, = 2°76, 7y= 100 °K. 


and with (4.8) and (4.6) the derivative can be written 

aT* 

dg* 
The second quantity in brackets has already appeared in (5.4). The first quantity 
varies from unity at o = } to zero at o = 1. Therefore, Tj has a minimum at 
some radius of the complete vortex for } < o < 1, and the location of this mini- 
mum depends directly on the Prandtl number. Whether or not the minimum 
occurs in the actual flow field depends on the surface conditions of the driving 
cylinder. For o = 3, Tj has zero slope at infinity; for 7 = 1, it has zero slope at 
the minimum radius. The a = } result is just another version of the irrotational, 
isentropic solution. It is apparent that there is no special value of the Prandtl 
number for which the rotational vortex has constant stagnation temperature. 
Likewise there is no Prandtl number for which the rotational vortex is isentropic. 
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This paper presents of one phase of research carried out at the Jet Propulsion 
Laboratory, California Institute of Technology, under joint sponsorship of the 
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Mass transport in the boundary layer at a 
free oscillating surface 


By M. S. LONGUET-HIGGINS 


National Institute of Oceanography, Wormley, Surrey 
(Received 24 November 1959) 


In a previous paper (19536) it was shown theoretically that just below the 
boundary layer at the surface of a free wave the mass-transport gradient should 
be exactly twice that given by Stokes’s irrotational theory. The present paper 
describes careful experiments which confirm the higher value of the gradient. 

The results have an implication for any oscillatory boundary layer at the free 
surface of a fluid; such a boundary layer must generate a second-order mean 
vorticity which diffuses inwards into the interior of the fluid. 


1. Introduction 


Although it was Stokes (1847) who first theoretically predicted the existence 
of a mean forwards velocity of the particles (mass transport) in a water wave, 
only since the experimental work of Bagnold (1947) has it been realized that the 
mass-transport velocities may be very different quantitatively from those given 
by Stokes’s irrotational theory. For example, Bagnold observed a strong for- 
wards ‘jet’ close to the bottom, a phenomenon unaccountable on the hypothesis 
of irrotational motion. The whole distribution of the mass transport is in fact 
strongly influenced by viscous boundary layers both at the bottom and at the 
free surface, as was shown by the present author (1953); this paper will be 
referred to as (I)). 

The boundary-layer theory of (1) yielded two surprising results; first, that just 
above the boundary layer at the bottom the forward mass-transport velocity is 
independent of the viscosity and has the value 


5 atok 


~ 4sinh? kh’ ae 


where a denotes the amplitude of the waves at the surface, 27/o the wave period, 
27/k the wavelength and h the mean depth. This value is quite different from that 
obtained on the non-viscous theory of Stokes (1847).* 
Secondly, just below the boundary layer at the free surface the vertical gradient 
of the mass-transport velocity is given by 
cU 
~ = —4a?ok* coth kh, (1.2) 
* Stokes’s theory is given partially in Lamb’s Hydrodynamics (1932, Ch. 9); the mass- 
transport velocity is there derived only in the case of deep water (kh> 1). 
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z being measured vertically downwards. This is also independent of the viscosity 
and moreover is exactly twice the value given by Stokes. 

The value (1.1) has been well verified by the recent experimental studies of 
Vincent & Ruellan (1957), Russell & Osorio (1958) and Allen & Gibson (1959), 
though with a considerable scatter of observations in the last case.* 

On the other hand no careful verification has yet been attempted of the 
gradient (1.2), which may be no less important in determining the distribution of 
mass transport throughout the fluid. Partly, no doubt, this is due to the greater 
experimental difficulty in making measurements close to a moving surface, and 
partly also to the weak stability of the motion near the surface, which can be 
easily disturbed by external influences. as will be explained in § 4. 

Our purpose is to describe some experiments designed to measure the velocity 
gradient near the free surface. These do in fact confirm equation (1-2) as against 
Stokes’s prediction. 

The opportunity is taken to correct a theoretical calculation of Harrison 
(1908) on the same subject. Harrison’s corrected calculation leads also to equa- 
tion (1.2) but over a more restricted range of the amplitude a. 

The validity of (1.2) implies that a second-order vorticity is generated by the 
oscillatory boundary layer and is diffused inwards into the fluid, as described in 
§ 5 below. Moreover, a similar phenomenon must occur in any fluid motion where 
there is a free oscillating boundary, even though the mean velocity is zero to the 
first order. The value of the vorticity w generated by any free surface in this way 
is given by equation (6.12). 


2. Theory of the boundary layer 

A general theory for an oscillating free boundary has been given in §8 of (I). 
Here we shall present a simplified version, rélying however on (I) for some of 
the results quoted. 

On account of the thinness of the boundary layer in relation to the usual 
amplitude of the waves it is desirable to take co-ordinates (s,n) measured along 
and normal to the free surface itself (and therefore moving with the fluid). The 
co-ordinate n is supposed to be directed normally inwards into the fluid. In the 
notation of (I) the components of velocity tangential and normal to the surface 
are written q,, 7, and these are related to the stream function yy by 

Oy = ley 
ee se 


On’ Cs 


where 7 = 1~—nx and « denotes the curvature of the surface. The vorticity is 


equal to V2,y where 
1fa/1@\ a/ a) 
val (ea) tan (aa): 
n | cs \n es en on, 


* Vincent & Ruellan, as well as Allen & Gibson, actually compared their observations 
with the predicted maximum velocity in the boundary layer, which is about 10% greater 
than (1-1). 

An extension of the result (1-1) to the case of turbulent flow is given by the author in 
an appendix to the paper of Russell & Osorio (1958). 
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It is supposed that g,. g, and y can be expanded asymptotically in the series 


II 


Ys = Ver tE72Pga +--+! 


In = Uni t€'Qnet ---5f (2.3) 


- 2,/, ‘ 
y=ey,1reé Wot «os, 


where € is a small parameter which may tend to zero and where the mean values 
of 9.1, Uni are identically zero. The mass-transport velocity is then shown in (1) 
§6 to be of order e?; its stream function is denoted by e?. 

The case when the stresses vanish at the surface n = 0 is included in the 
discussion in (I) §8. By applying a ‘boundary-layer’ approximation it is shown 
that 7/, satisfies the differential equation 


C o* 9 7} 
(. —Vx 1) Vy, 0. (2.4) 
en? 


Assuming that the tangential stress at the surface vanishes we have the boundary 


condition - 

f 9 CF n1 Or 

yf, = —2— (n = 0) (2.5) 
os 

(derived from (220) of (I) by setting p®) = 0 and x, = 0). When the motion is 


ns 
simple-harmonic with angular frequency o the appropriate solution of (2.4) 
and (2.5) is 7 (0) 


oC 
i= =, ee xn (2.6) 
cs 


where q‘"} denotes the value of q,,, at m = 0 and 


1+2 ] 


6 = (2v/c)?. 


— 
bo 
~I 

~— 


It is understood that in (2.6) the real part of the right-hand side is to be taken. 
So the first-order vorticity V?y, vanishes exponentially inwards, in a distance 
of order 6. 

The differential equation satisfied by is given by (211) of (I) (in which V,, is 
to be set equal to zero). We have 
our ae (0) 


2 eqs 
= V2, dt —., 2.8 
. | n2 vie Cs (2.8) 


ont Je 


where a bar denotes mean values with respect to the time. On integrating from 
outside the boundary layer, where ¢*'l’/én* is assumed to be relatively small, 


we have A3u" Pp a a (0) 
at oo eqs 
ay = 4 | V2, dt 2.9 
on? Jen "1 Cs ( ) 
At the free surface n = 0, the boundary condition for ‘VY is that 
oy , 
—-~=0 (n=0) (2.10) 
Cn? 
(see equation (218) of (I)), and so from (2.9) and (2.10) 
or af au 
= 4 | (V2u,)% dt 2.4] 
on2 | ( Wy o as ( ) 
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In the case of simple-harmonic motion, when V7y, is given by (2.6) we have 
AZ’ ~ (0) > (0)* 
C I 4 ©Gn1 ©Fs1 —an 919 
—z = —— —, — (l-e™*), (2.12) 
On? io Cs Os 

where a star denotes the complex conjugate quantity and the real part of the 

product is to be taken. Hence, just beyond the boundary layer (n > 6) we have 
A2u° A (0) A, (0)* 
ot 4 0Gn1 9s ae ‘ 

= = = - (n> 0), (2.13) 

Cn? to Cs Cs 

a value independent of the viscosity. 

Now in the case of progressive gravity waves in water of uniform depth the 
orbital velocities at the surface are given by 


eq) = ao coth kh et aga 


‘ j (2.14) 
eq) = tag et(ot-ks), | 
approximately, so that (2.12) and (2.13) become 
Pai = ' . 
e?-— = 4a*ok* coth kh(1 —e-”* cos n/d) (2.15) 
Cn? 
er ie | 
and e2?—. = —4a®ck* cothkh (u> 90). (2.16) 
Cn 


Since ¢?0/en is equal to the mean tangential component of mass transport 
((1),§6) and since n is approximately vertical, equation (2.16) is equivalent 
to (1.2). 

As already remarked, this result represents exactly twice the gradient given 
by the irrotational theory of Stokes (1847). 


3. Digression on a result of Harrison 


It was pointed out to me by Professor P. 8. Eagleson that a conclusion appar- 
ently different from the above was obtained by Harrison (1908). Harrison’s 
method consisted of a direct expansion of the equations of motion and boundary 
conditions in terms of rectangular co-ordinates (x,z). This method has the dis- 
advantage of being valid only for waves whose amplitude a is small compared 
with the thickness 5 of the boundary layer. Nevertheless, since the range of 
validity of equation (2.16) certainly includes such small amplitudes, one would 
expect Harrison’s result to agree with equation (2.16) over the restricted range. 

Another formal difference between Harrison’s solution and ours is that we have 
assumed the motion to be periodic in time, whereas Harrison allows for a slight 
exponential decrement proportional to vk?t. It can, however, be shown that such 
aslight decrement, or one proportional to (v/a)? k2x, does not affect the boundary- 
layer theory outlined in § 2. 

Translated into our notation, Harrison’s expression for the elevation of the 
free surface in waves on deep water is 


z = ae~***tcos (ka — ot) 


+ a2 e—#*t( 1 cos 2(ka — ot) — k(v?/4gk)t sin 2(ka —ot)] (3.1) 











anc 


wh 


of 


Th 


wh 








1e 











Mass transport at a free oscillating surface 
and for the mass-transport velocity (p. 115) 
U = a®oke-o 
x [e-*4* + $kd{4(cos z/d — sin 2/8) e“*+8 -* — sin 2kz} 
+ vk?/of{4 sin 2/5 etk+8 = — 3e-2/5}) (3.2) 
terms of higher order in v being neglected. (Harrison’s f, A, , p, y are equivalent 


to our a, d-}, 6-1, —o, —z.) On differentiation with respect to z this gives us for 
the terms of highest order 


- = — 2a2ok?(1 — 2 e-** cosz/d) (3.3) 


which is not in agreement with (2.15). (The slight exponential decrement 
e-¥k#t is ignored.) 

An examination of Harrison’s analysis reveals the source of the discrepancy. 
For his second boundary condition on p. 111 he has assumed that the stress 
component p,,, vanishes at the free surface. This is incorrect, for in fact it is not 
Pry, but p,, which must vanish, and the two differ by the second-order quantity 


Cn 071 
i, (3.4) 
Ox Ox Cy 
where z = — 7 denotes the equation of the free surface. Hence to the left-hand side 
of his equation (12) should be added a term 
2pk®B? e2, (3.5) 
This would add to his expression for U on p. 115 a term 
— pk? sin 2kye, ~ —aoke-#**sin 2kz, (3.6) 
whence the gradient of U’, for values of z comparable with 6, would be 
oU = ; on 
— = — 2a®°ok?(2 — 2e-** cos z/d) (3.7) 
Oz 


in agreement with (2.15). 

Doubtless the reason why Harrison overlooked his algebraical slip was that 
it happens by chance to bring the value for (¢U /éz),5,5 into exact agreement with 
the irrotational theory of Stokes, as might at first sight have been expected. 


4. Observations 

The actual measurement of velocity gradients near the free surface is a some- 
what delicate matter owing not only to the movement of the surface itself but 
to the external influences by which it is easily affected. The presence of grease 
or other impurity in the form of a thin surface film may completely alter the 
gradient by restricting the free tangential motion of the particles and producing 
a forwards jet, as in the boundary layer at the bottom. Turbulent currents in the 
air may have a disturbing influence; and very slight temperature changes can 
produce strong velocity gradients associated with density currents; for if the 
length of the tank or wave system is restricted, the forwards mass transport at 
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one level must be compensated by a backwards flow at other levels; hence any 
temperature stratification will tend to intensify the horizontal shearing. 

Further, the presence of obstacles in the water, even the vertical walls of a 
measuring tank, will alter the distribution of mass transport in the neighbour- 
hood. The observations must therefore be made far enough from such obstacles 
for their effect to be negligible. 

Lastly, it is extremely important to ensure that the wave motion is purely 
sinusoidal. In relatively deep water, for example (cothkh = 1) equation (1.2) 
shows that ¢lU’/¢cz is proportional to a?ak?, that is to o* since o? = gk. If any 
second harmonic, of amplitide a’, is present in the wave motion its effect on the 
velocity gradient will be in the ratio 


32a’2/a?. (4.1) 


Kven if a’/a is as little as 1/10 this will be sufficient to increase the observed 
velocity gradient by 32°. In shallow water waves, however, the relative effect 
is correspondingly less. 

For the purpose of the experiments the wind-wave tank at the Hydraulics 
Research Station, Wallingford, was kindly made available. A full description of 
the apparatus is given in the paper by Russell & Osorio (1958). The tank is 185 ft. 
long, 4ft. wide and has a maximum depth of 22in. The wave generator is of a 
paddle type with a fixed or movable hinge at the bottom. The wave absorber 
consists of a shingle beach, at a slope of about 1 in 10. All the present observations 
were made from the centre window of the tank, which is about 90 ft. from the 
wave generator. The tank is covered, and is fitted with a fan capable of drawing 
air over the surface in the direction of the beach, at a mean speed of about 
25 ft./s. 

[In preliminary trials of the wavemaker it was found that on switching off the 
motor, and after the main group of waves had passed the point of observation 
half-way down the tank, there persisted a train of waves of twice the frequency 
but of smaller amplitude, until their group-velocity in turn has carried them past 
the point of observation. The existence of this second harmonic was attributed 
to the form of linkage used in the wave generator which had in fact been designed 
so as to increase the velocity of the forward stroke compared with that of the 
backward stroke. The linkage was therefore modified with the result that the 
amplitude of the second harmonic at the point of observation was reduced to 
about 4 °% of that of the first harmonic. The error corresponding to (4.1) was thus 
reduced to about 5%. 


Method of observation 
A grid of lines was drawn (see figure 1) at an angle tan~! 2 to the vertical, and was 
attached to a metal sheet on the far side of the tank, in the plane of motion. 
A drop of black ink (Waterman’s ink, diluted 3:1) was let fall from a syringe at 
a height of about 18in. above the surface, between the viewer and the grid of 


lines. The drop penetrated about 1 em below the surface, leaving a nearly vertical 
streak. Owing to the velocity gradient the streak gradually became inclined 
(figure 1), and the time 7 taken for its mean inclination to become parallel to 
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the grid of lines was measured with a stop-watch. The velocity gradient was then 


taken to be aU 2 
=. (4.2) 
C2 OT 


The height 2a of the waves was measured against a grid on the near window of 
the tank, and the wave period was measured over 20 cycles with a stop-watch. 





Figure 1. A photograph taken through the window of the tank from a point just below 
the surface of the wave. This shows the streak left by a drop of dilute ink, inclined after 
the passage of a few waves. (Nome ink is left on the surface.) The lines in the background 
were drawn at an angle tan“! 2 to the vertical. The vertical separation of the lines was } in. 


Precautions 

It was found that a thin film of oil or grease was nearly always present on the 
surface. In order to remove this, the fan was switched on for about 15min, so 
that the surface film was driven up to the far end of the tank. Without further 
precautions the film would quickly have returned and covered the surface of 
the tank (at a rate of several cm/s). Accordingly, when the wind ceased a plastic 
curtain was immediately inserted in the tank at about 15ft. from the beach. 
This prevented the return of the surface film, while allowing the transmission 
of waves from the generator to the beach. 

The vigorous action of the wind also had the effect of thoroughly stirring the 
water, so that suspended particles were observed to be carried quickly from near 
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the bottom to the surface and back again. In this way any temperature gradient 
present in the tank was temporarily destroyed. 

After switching off the wind, a period of 30-45 min was allowed for the tank 
to become quiet again, until a drop of ink or dye inserted in the water showed 
that the velocity gradients were negligible. The wave generator was then started 
and allowed to run for 5 min before observations were begun. This period gave 
time for the vorticity generated in the boundary layer to penetrate at least the 
upper 5mm below the free surface (see §5 below). Only those observations were 
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FicuRE 2. Results of observations at three different wave periods: 
(a) kh = 2°81, (b) kh = 1-54, (c) kh = 1-06. 


accepted in which the ink trace was initially vertical and remained in a practically 
straight line from 2 to 10mm below the surface. At each run, ten acceptable 
observations were recorded: these were completed between 5 and 15min after 
switching on the wave generator. 

The choice of parameters for the experiments was limited: first, by the design 
of the wavemaker, which could not run safely at periods much less than 0-7 sec; 
secondly, by the method of observation, which is satisfactory only if the time of 
observation 7 contains a sufficient number of wave cycles (about 10), for other- 
wise it is hard for the observer to judge accurately the moment when the mean 
inclination of the ink trace becomes parallel with the grid of lines; thirdly, by 
the presence of very weak gradients due to turbulent air movements and to 
residual effects of the stirring process described above: these last set the lower 


limit to the observed gradients. 
Finally, three periods were chosen: T' = 0-65, 0-925 and 1-20see corresponding 
to kh = 2-81, 1-54 and 1-06, respectively, and a number of runs were made at 
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different amplitudes a, while the wave period was kept constant. The mean depth 
h was kept at 29-7 cm throughout the experiments. 

The observed results are shown in figure 2, plotted in each case against the 
square of the wave amplitude a”. At each wave period, according to equation (1.2) 
the plotted points would be expected to lie on a straight line through the origin, 
as has been indicated in the figure. Each plotted point represents the mean of 
just ten consecutive observations, and the vertical lines through the points 
represent the total range of the same ten observations. 

The most obvious feature of the results is the very wide scatter of observations, 
but this is in fact not much greater than would be expected considering the 
method of observation. It is perhaps puzzling that in figures 2(a) and (b) the 
mean values tend to lie slightly below the theoretical value while in figure 2(c) 
they lie somewhat above it; but this could be brought about by quite a small 
error in the measurement of wave period. 

Two fairly definite conclusions may be drawn: (1) over the ranges of 7’, a and 
kh covered by the experiments the velocity gradient does tend to increase pro- 
portionally to a? approximately; and (2) the constant of proportionality is not 
far from that given by equation (1.2), and is certainly closer to (1.2) than to half 
this value. 


5. Consequences for the interior of the fluid 

Some implications of these results for the motion in the main body of the fluid 
may be briefly mentioned here. 

Before the waves are started the vorticity is everywhere zero, and since 
vorticity cannot be generated within the fluid it follows that immediately after 
starting the waves the motion beyond the boundary layer is irrotational and will 
be given by Stokes’s theory approximately. The difference between (1.2) and 
Stoke’s value corresponds to a vorticity 


w = —2a*ok* coth kh, (5.1) 


which can be regarded as having been generated in the boundary layer itself, 
that is, within a distance of order (v/o)! from the free surface. This vorticity will 
then begin to diffuse into the interior of the fluid. 

Now it was shown in (I) that in a quasi-steady (that is, perfectly periodic) 
state of motion the vorticity w in the interior of the fluid (n > (v/c)) satisfies 
atin U.Vo—-vV*o = 0, (5.2) 
where U denotes the mass-transport velocity.* The first term in (5.2) repre- 
sents the transport of vorticity by convection with the mass-transport velocity, 
and the second term represents the transport of vorticity by viscous conduction. 
This result might also be expected on physical grounds (cf. Lamb 1932, § 328); 
the motion being two-dimensional, there is no stretching of the vortex lines. 

Before the vorticity in the interior is fully established the motion is not 


* w is of second order; the first-order vorticity vanishes in the interior; see (I), 
equation (50). 
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exactly periodic beyond the first order; but similar arguments suggest that the 
differential equation governing the distribution of vorticity in the interior is 
+ U.Vo-vV8o = 0. (5.3) 

In a regular progressive wave the mass-transport velocity is almost hori- 
zontal, apart from effects at the ends of tank. Any decrease in amplitude with 
distance also produces small vertical mass transports, but since the third term 
in (5.3) initially predominates near the surface it can be seen that most of the 
transport of vorticity in the layers nearest the free surface will take place by 
viscous ‘conduction’. 

Thus the equation governing the initial distribution of the vorticity just 
beyond the boundary layer is 


= vV-0o = v—. (5.4) 


The solution of this equation with initial conditions 


0, =a | A 0,) 
a= (5.5) 
lu, z2=0, t>0,J 
is well k n: 20, [= ; 
is well know wlz,t) = = | edd. (5.6) 
V7 J 2/2(vt)i 
which may also be written 
7) 2 [2 : Pas 
= = | edd = f(Z), (9.4) 
Wo \ 7 Jo 
where Z=——.. (5.8) 
2(vt)! 


For a fixed value of z, ast - «so Z > Oandf(Z) > 0; hence w -> wy. The following 
table gives some typical values of f(Z) 


22 f(Z) 
0-0018 0-001 
0-0035 0-002 
0-0089 0-005 
0:0177 0-01 
00355 0-02 
0-095 0-05 
0-178 0-01 
Thus to ensure that the vorticity is within 10 °% of its valuew,atz = Owe must have 
“_ < 0-178. (5.9) 
(vt) 


Taking v = 0-013 em?/s and t = 5min we find z < 0-47cem. 
However, the mean value of w between O and z, defined by 


Wmean _ Fk 
mean = 7 | f(ZyaZ. (5.10) 
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is much closer to unity, as may be seen from the series expansion 


on. i ee ae 
mean _ y_ (z- 2 +...) (5.11) 
Wo \7 6 30 180 
With the same values: tf = 5 min, z = 0-47 cm, we find 
i) ee 
—mean — 0-950, (5.12) 


so that the mean velocity gradient in the upper 5 mm is within 5 °% of its ultimate 
value. It was this mean value which was measured in the experiments of § 4. 

Generally, the width of the upper region influenced by the diffusion of vorticity 
from the oscillatory boundary layer will be of order (vt)}, within the first few 
minutes. This region constitutes an outer ‘boundary layer’ of a different type 
from the oscillatory layer, the thickness of the latter being of order (v7')? only.* 

At later times the fluid may be influenced by vorticity diffused in a similar 
way from the boundary layers at the bottom and sides of the tank. However, 
in most wave tanks it seems likely that the transport of vorticity by convection 
from the ends of the tank will intervene and ultimately predominate, so that 
conditions beyond the first few cm of fluid at the surface and bottom may depend 
somewhat on the type of wave generator or wave absorber which is used. The 
time required for vorticity to be convected from the ends of the tank through 
a distance z is clearly of order z/U. In the experiments described above this time 
was considerably greater than the time taken for the observations. 

All the above predictions rely upon the assumption that the motion is laminar 
and the mass-transport current is predominantly horizontal and parallel to the 
wave velocity. Even slight winds may completely alter the character of the 
circulation (except near the bottom, where the motion is controlled by the bottom 
boundary layer). The possibility of the shearing motion becoming unstable of 
its own accord when the waves are sufficiently short and steep has also to be 
borne in mind. Indeed, this mechanism may contribute to the very marked 
turbulence that is present in all waves under the action of wind. 


6. General implications 

The analysis of §2 shows that the effects just described are by no means 
peculiar to water waves, but will occur whenever there is an oscillatory fluid 
motion with a free boundary. 

Thus from equation (2.11) we have just beyond the boundary, where V7, — 0, 


4,,(0) 


— | (V2y,),dt 2" (n> 0), (6.1) 
Cs 


which combined with (2.5) becomes 


(0) (0) 


nl gy OF (n > 0). (6.2) 


A 
cs cs 


a2 
=o 


aA 
oq 





* Harrison’s solution for the interior (equation (3.2)) contains a term in sin kz. It is hard 
to see how such a motion, not tending to zero as z > 00, could be realized in practice. 
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Since we are now dealing with the part of the fluid beyond the inner boundary 
layer, we may, to the present order in e, replace the velocity q,,, ¢,1 by éy,/¢z, 
—0oy,/Cx, where (x,z) are rectangular co-ordinates tangential and normal to 
the mean boundary. Thus 

oe 


oy 


—- (6.3) 
0z° 


Since the mean boundary forms a streamline for the mass transport we must 
have also ies aes 
“ . oY o2y } 
= =, (6.4) 
a axe 
so that the left-hand side of (6.3) can be replaced by V°4". Now the mass-transport 
velocity is given in terms of yy, and yy, by 


any ~ 
eh ow, ,, ow a oe 
Y = ¥.+ | i (6.5) 
Oe Cx 
(see (I) $3), and since by equation (85) of (I) 
en / oe! ead / ADS 
, (ow, ow aid) id) oe 
v2 | Yat r= -4| 1 dps t2 (6.6) 
J oz of J] oe Oxoz 
it follows, on operating on both sides of (6.5) with V2, that 
ay 7 A9_/ 249 7 a2.) 
C2, ,, O71 a C2, _. Ou ae 
-8 |S tdt 2) = Vey, —4 | Eat 2 (6.7) 
J Cx" CxCZ 2 J CL" dOxCZ 
ray, ,, ey 
Hence V2, = —4 | —— dt 4 (6.8) 
Ox? = Ox dz 


This last expression, multiplied by €?, represents the vorticity just in the interior 
of the fluid, for, beyond the boundary layer, 


V2y,>0, Vb, > V2v. (6.9) 
(see (I) § 4) and therefore 
w = V2 > V2, +.... (6.10) 
ow ow 
Now write e— = u, ss (6.11) 
02 Cx 


for the components of velocity tangential and normal to the mean position of 
the boundary (these differ from their corresponding values at the boundary by 
quantities of order e*). Our result can thus be written 


Cu [Cw 
Pree wed pict” J (6.12) 
Ox J 02 


In other words, the presence of the free boundary produces a mean vorticity 
in the interior given by (6.12). The modifications of this result needed to take 
account of any arbitrary tangential stresses applied at the surface may be deduced 
from the general formulae of (I) §8. 
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It is interesting to note that so far as the distributon of mass transport in the 
interior is concerned the presence of the boundary is equivalent to a virtual stress 


Cu f cw 
4u —= (ib. (6.13) 
Ox J ox 


Since |zdt is equal to the surface elevation 7. this last expression may be written 


Cu cn ; 

Cx 0x aides 
which, as we saw in § 3, is equal to the difference between the stress components 
p,, and p,,. It is p,,, that vanishes and p,. generally differs from zero on account 
of the tilting of the surface through an angle ¢y/¢cx. Thus we might say that the 
virtual stress (6.13) was due simply to the corrugation of the free surface; but 
this would be to neglect the structure of the boundary layer itself, throughout 
which the tangential stress, like the vorticity, is not uniform. 


7. Conclusions 

Our concluding picture is as follows. The periodic motion of the fluid produces 
in the first place boundary layers at both bottom and free surface whose thickness 
is of the order of (v7’)!, where v denotes kinematic viscosity and 7’ the period of 
the waves. In practical cases these oscillatory boundary layers have a thickness 
of only a few millimetres. But within the surface layer there is produced a second- 
order mean vorticity which, from the moment of starting the waves, begins to 
diffuse downwards into the fluid. After a time ¢ the region affected by the vorticity 
is of order (vt)}, provided ¢ is not too great. This latter region may be thought of 
as a kind of outer boundary layer which finally may fill the whole fluid. Some 
vorticity may, however, be transported by convection as well as by viscous 
diffusion. Finally, the motion is no longer irrotational, but contains everywhere 
a second-order vorticity determined by the oscillatory layers at the boundaries. 


I am indebted to the Director of the Hydraulics Research Station for permis- 
sion to make use of the 185 ft. wind-wave tank there, and to Mr R. C. H. Russell 
and Mr F. A. Kilner for their interest and co-operation. The experiments described 
above were carried out with the assistance of Mr A. J. Bunting. 
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The slow motion of a magnetized sphere 
in a conducting medium 


By JAMES R. BARTHEL AND PAUL S. LYKOUDIS 


School of Aeronautical Engineering, Purdue University, West Lafayette, Indiana 
(Received 6 October 1959) 


This paper considers the slow motion of a sphere, permanently and uniformly 
magnetized in one direction, in a viscous electrically conducting medium. The 
line of the magnetic poles is assumed to be parallel to the direction of the motion 
of the sphere. The velocity and pressure fields are calculated by two iterations. 
The distortion of the magnetic field is also calculated. An expression is obtained 
for total drag due to the viscous, pressure and magnetic forces. 


Introduction 

The motion of a sphere in a viscous, incompressible fluid at very low Reynolds 
numbers was analysed by Stokes. The Stokes formula for drag is close to experi- 
mental values up to about R = 2. Chester (1957) extended the above problem to 
the case of an electrically conducting fluid with a uniform magnetic field parallel 
everywhere to the free stream, the induced magnetic field being neglected. 

If the fluid is an electrical conductor and the sphere is permanently magnetized, 
the Stokes flow field will be distorted by the action of the ponderomotive force 
J x B. This force will reduce the gradients of velocity in the direction normal to 
the surface, and thereby reduce the viscous shearing forces. The reduction in 
shear drag will, however, be more than overcome by the drag due to the pondero- 
motive force. 

The problem will be solved here, with the inertia forces neglected, for the 
particular case in which the sphere is uniformly magnetized, with the magnetic 
axis parallel to the ambient flow. The induced magnetic field will not be neglected. 
The case of the magnetic axis being perpendicular to the main flow will also be 
discussed. 

The velocity, pressure, and magnetic field will be found by iteration in the 
following way. First, the ponderomotive force will be calculated from the known 
Stokes velocity field V,, and the known permanent magnetic field Hy, and sub- 
stituted into the equations of motion, which will yield a first approximation to 
the velocity, V,, and the pressure, P,. Likewise, the current density will be 
calculated everywhere from the known Vy, Hy, and o, and substituted into 
Maxwell’s equations, which will yield a first approximation to the magnetic 
field, H,. Then the ponderomotive force will be calculated from H, and V, and 
used to find a second approximation V,, P,. This method gives the solution at all 
points in the flow region, assuming that there is no separation of flow. The results 
of the present work may be applicable in the case of small meteorite particles 
made up of ferromagnetic materials and carrying a permanent magnetic field. 


20-2 
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The equations of motion 


The motion is determined by solving the following system of equations: 


0= —V’P+pzV?V+JxB (conservation of momentum), 
V’.V =0 (conservation of mass), 
V'xH=J (Ampere’s Law), 
J =oc(E+VxB) (Ohm’s law), 


V’.B=0 (statement that magnetic poles exist only in pairs). 


(9) 


In writing (1) to (5) the following assumptions were made: (a) the inertia forces 


are much smaller than the viscous forces; () all quantities are independent of 


time; (c) the electrical field and the electric charge density are zero everywhere, 


since the current lines are closed loops about the axis of symmetry; (d) the fluid is 


composed of particles whose collision frequency is much higher than the cyclotron 


frequency ; this assumption insures that the scalar transport properties o and ju 


are not changed by the magnetic field. 
The following non-dimensional quantities are introduced: 
V H Pa 
V, i Vf 


(6) 


where a is the radius of the sphere and H,,,, the field strength at the poles. In this 


mp 


notation, (1) to (5) become: 


0= —Vp+V2v+M(vxh)xh 


(7) 


(here M = oc B®, a?/wis the square of the usual Hartmann number; this seems to 


mp 


be a more natural definition since it is a measure of the ratio of the magnetic forces 


to the viscous forces), Vv=6 


(8) 
Vxh = BR, (v xh) (9) 
(R,, is the magnetic Reynolds number cy,,.V.,a, where /1,,9 is the permeability of 
the conducting fluid), Th=0. (10) 
For the first approximation, (7) becomes 
0 = —Vp,+ V2v, + M(v, x hy) x hy. (11) 
Making the substitutions v, = V,+ Mv}, p, = pp + Mp}, we obtain 
0 = —Vp,+V2vi + (Vo x hy) x hy. (12) 
Equation (8) becomes 
V.v, = 0. (13) 
Taking the curl of (9) and using (10), we find 
Vth, = —8,,V x (v, x hy). (14) 
The substitution h, = h,+ R,, hj gives 
V2hi = —V x (Vv) x hy). (15) 


The right-hand side of (15) vanishes inside the sphere, since there is no current 
there. Equations (12), (13) and (15) will be solved later for vj, p; and hj. 
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The second approximation for velocity and pressure may be found by writing 
0 = —Vp,+ V*v,+ M(v, x h,) x hy. (16) 
Making the substitutions 
P, = py t+ M*p,+ MR, p, and v, = v,+ M*v,+ MR, v3 
and using (12), we may write (16): 
0 = M*(—Vp,+ Vv, + (Vv; x hy) x hy) + WR, (—Vpp+ V2vp 
+ (V, x hj) x hy + (V_ x hy) x hy) + WR? (v, + hy) x hy 
+ M?R,,((v; x hj) x hy + (vj x hy) x hy) + MAR? (vy x hy) x hy. (17) 
The last three terms will be neglected, since they are of one order higher than the 
first two, and would thus be accounted for in a third iteration. Since (17) holds 


for arbitrary values of M and R,,, each term must vanish. Equation (17), along 
with the conditions V.v, = OandV.v; = 0,determines the second approximation. 


The boundary conditions 

The boundary conditions on the velocity field are the following: on the surface 
of the sphere, v = 0 (no-slip condition), and at an infinite distance from the sphere, 
vV—v,. Since v, already meets these conditions, and since v must meet these 
conditions for arbitrary M and R,,, then we must set Vv; = Vv, = Vv; = 0 on the 
sphere and at infinity. 

In determining the magnetic field distortion hj, it will be assumed that the 
permeability y,, of the sphere is a scalar. The boundary condition on hj at the 
surface of the sphere requires that the component of j,,h, normal to the surface 
and the component of h; tangential to the surface be continuous. 


The iteration solution 

The solutions for h, v, and p necessary to compute the drag of the sphere up to 
second order in M, neglecting the influence of R,,, have been carried out. The 
solution for vj and p; will be shown in detail. Since the second iteration consists 
of the same manipulations used in this solution, and is recorded in Barthel & 
Lykoudis (1959), it will not be carried out in detail here. 

Into (12) we substitute the Stokes solution v,, and the undistorted field hy of 
the permanently magnetized sphere, which is given by Harnwell (1949, p. 412): 


, (My ar x 
), (18) 


hy = -V(, ") or Hy=-V 


Dd b 3 
-! 3ing r 


where m,, is the magnetic moment density. After the calculation of the pondero- 
motive force, the components of (12) become: 


Cp; >, oe ey 
0= Ph + Vu) + 19 (1-2) ( —1), 





~ Oa 4r r 
Cp, oo, (3% 923) (I 
Q=-= V2, + — }( —1)y,} 19 
Cy lita 478 4710] \r y (89) 
im, wa ,. foe Of 
y= — + V2w! 4 = —1}z. 
; Cz —_ 4r8 ia r 


/ 
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Now, from (18), since V.v, = 0, 


2 602. # 
+3- 


il a ») 
479 4yil p10" mi 


V?p\ = V.[(Vo x hy) x ho] = 


The following identities will be needed in the course of the solution of (19) 


and (20): xm rm -2 “m 
vey = m(m— 1)- +n(n—1—2m)—. (21a) 
r™ | hae r” - 
"i ay am 2 . any 
v?/ : = m(m—1) y+n(n—3—2m)—,. (215) 
rn re be rhe t 
; ; Or " 
V2{(Inr) dx] = — (1+24), (21c) 


re 


where 3, is a spherical harmonic which is homogeneous of degree K. 
Equation (20) is Poisson’s equation and has the following particular solution: 


lz? 32° le 


= — = as 
/ 1 8 r? 8 78 8 rs 


To obtain the general solution. we must add spherical harmonics with undeter- 
mined coefficients, as follows: 


3 x 


la? 32° le 7 x 
, Ff 5+ G(15 ee | (23) 
r? r 2 


= + — 
I 1 8 yd 8 rs x r® 
Since there are no specific conditions on p;, except that p,; must vanish at 
infinity, the constants F and G must remain arbitrary for the moment. 
Next we substitute into (19) the derivatives of (23): 


7 yA » 2 QQ 2 ») 4 Qy2 4 2 

, hee 20a" Ssa*- Zhe ] 1 3a ' ee: a 39 

V2u; = - ~ - ~ + Fl == 5) +@(—105 + 90—— ). 
R yr} l 8 r? 8 78 4 plo Sr r3 r? yr? 


ae 
(24a) 
Qia®*y Bay Bay Zlay xy xy xy 
TA ee foe 7 mG = 1060 —" + 4g, 241 
t 8 yll 4 r? 2 7 4 plo yr? : r? + ) r’ ( )) 


with a similar expression for V2w}, y being replaced by z. 
The general solution for the system of (24) is 


«15 x 321 
78477 = 19,6007 


~~ 26. Fe ‘se 62" 3 ee | C 
Soy z oy ae va a 7 ae. 95 
3 sg x. ey { “§ 7 ;] B| 7 <3) T ( 9a) 


Zigty isay., xy 3ay 39 xy Fay 415g xy 
=e = > +$lnr( - +———} + — Bott LB — 
32 8 32re § ee a 784 77 ' 92 ps" 2 7 


x?y 3x a, 
+ D{ os E\ +z : 25D) 


r? 7 


and similarly for w}. 
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The boundary condition u, = v; = w, = 0 at r = 1 gives 


s+ +12G+A = 0, (26a) 
5 15 F GA 
ee a +B=0 2 
stagato7 a B (266) 
3 321 34 B 
— — 3G ——+C=0, 26 
32 19,600.27 * 353° ane) 
$3 +42G+D = 0, (26d) 
3s 20 FD. 
or _ — E = QO. (26e) 


-+-—4 
2° "3 7 
Using (25) in the continuity equation, we find: 
woo ge ae ’ : x F x 
(5E —5B-1°G)-— —(3E —-3B—2G) 5+ -C) - = Q), 
candi eT 2 r3 


The coefficients must vanish, since the left side is zero everywhere. Thus: 


0 ’ 
E-—B- =e =0 C= 4 (26 f) 
The solution of the system (26) is 
A = D= —0-516741, B= 0-167946, C = —0-005000. 
FE = 0-140044, F = —0-010000, G= —0-018601. (27) 


Equations (27), when substituted into (23) and (25), complete the solution for 
p, and v;. 

The results of the second iteration will not be written here. The velocity v, and 
pressure p, have been determined whereas the quantities v; and p3 were not 
computed, since it was found by inspection that because of the antisymmetry of 
v, with respect to x and the symmetry of p3 with respect to x, neither contri 
butes to the drag. 

The magnetic field distortion h; satisfying (15) was found to be 


P 3° 32 32 Ae if 32 “0 
~ “9 tant apt 3 . oe: a 
3a2y 3y 32? y Cc’ y x *y ly _ 
hy, = “oy gr 49 + + D' (3 5 A (285) 
outside the sphere. Inside the sphere, the solution is 
h,=Hx; hy, = F'y. (28c) 
From the boundary conditions, it was found that 
A'=C'=-}; BY = D == (14 4—"); i’ =-2F’ = (29) 
° : i 1 4, +6)” ~ 4(3+2u,)°  * 
If u,, > 1 
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We should point out that the iteration method used in solving this problem 
does not succeed in the problem considered by Chester (1957); it was found by 
the present method that for Chester’s problem the first-order perturbation in 
velocity increases without limit at large values of 7, and therefore the condition 
Vv, = Oat infinity cannot be satisfied. On the other hand, the singular expansion 
method employed by Chester can, in principle, be applied to the problem studied 
in this paper. However, the equation (7) does not attain a form so simple as that 
of (12) of Chester’s paper, even if h = hy. Therefore the singular expansion method 
seems to be unwieldy in our problem. It was felt that the two approaches have 
comparable accuracy, since both eventually involve expansion in powersof M.The 
iteration approach was selected because each step of the iteration has a plausible 
physical interpretation and because the mathematical solution required at each 
step is quite straight-forward. 


Calculation of the drag 


The drag will be the sum of the contributions of the ponderomotive forces, the 
pressure forces, and the viscous shear. The contributions of the pressure terms 
Po, P; and p, to the drag coefficient are respectively: 


D(po) 


lai 
p( Po) ip V2 maz 


v 


: a | i.ndS = cf O,(p. 0-04000( M 
: —aR |), en ae ee . 


Cy( ps) = 0-000300 2 31 
D\P2) = “ R ° (« ) 


The contribution of p5 is zero. The viscous shearing drag contributions due to the 
velocity terms V,, V; and Vv, are respectively: 





7 A i Ou Cu, Ov Cu, Ow 8 
ae ee | 2x = +y(=2+-9) +2(— 2+ — 9) et a: 
Do) mR SI, , ca Cy Ox ane R 
oe M Ssh a a —_ 
Cp(v1) = — 9-080000 R: Cp(V2) = 0-000616 R° (32) 


The contribution of v3 is zero. The contributions of the ponderomotive force 
terms up to the order M? are 





| oM. (tT? M . 
Cp(mp) = - oR i i | (V, x hy) x hydr = 5R? (33) 
ee) Cady eee _—— 
Colm) = — Tp ie i] _ ix hy) x hy dr = — 0-0013453",, (34) 


2MR,,. ({{* ; , io 
= ai | | | [(Vo hy) x Wo + (Vo x Wy) x hyJd7 = 0. (35) 
Sie th 


Cp(m}) pa ee 

The sum of (31) through (35) is: 
12 

Cp = R [1 + 0-0066667.M — 0-00003578.1?}. (36) 


There is no term in (36) with the coefficient VR, since, as previously mentioned, 
v; and p; do not contribute to the shear drag and the pressure drag, and because 


the ponderomotive force in (35) is antisymmetric in x. 
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The magnetic drag in (33) was computed for the case in which the magnetic 
axis is perpendicular to the free stream velocity, for the purpose of comparison. 


The result is : 
The result is Cp(mo) (perpendicular) = 1,-C,,(m,) (parallel). (37) 


Discussion of the results 

The first and second approximation to the total drag of the slowly moving 
sphere is given by (36) and plotted in figure 1. It is apparent from the manner in 
which the iteration was carried out that calculation of the higher approximations 
to the drag (containing both R and R,,,) will prove them to be alternating around 
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FIGURE 1. Ratio of total drag to Stokes drag as a function of 
Hartmann number, .V, as defined in equation (7). 


the true value; the last one must lie between the first and second approximations. 
That this is the case is obvious from the fact that the first approximation has 
been based on a ponderomotive force corresponding to the velocity field of the 
Stokes solution; as a result the calculated drag must be higher than the true one, 
whereas the velocity corresponding to this approximation must be lower than the 
actual one. On the other hand, the second approximation, based on this last 
velocity, will yield a drag lower than the exact one since now the ponderomotive 
force is being underestimated. From these remarks one may estimate the Hart- 
mann number for which the difference in the total drag between the upper and 
lower limit will be ¢ °% of the drag due to the first correction term from the relation 
M = 1-87e. 
For ¢ = 5%, 10% and 20°, M takes the corresponding values of 9-35, 18-7 and 
37-4. 

The influence of moderate Hartmann numbers on the total drag is rather small. 
Physically, this is due to the very thick boundary layer, with the velocity being 
very small in the neighbourhood of the solid boundary where the magnetic field 
intensity is high. As one would expect, the drag when the magnetic axis is 
perpendicular to the main flow was found in the first approximation to be higher 
because in this case the velocity in the neighbourhood of the two poles intersects 
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the magnetic lines perpendicularly and at the same time it is higher in magnitude. 
In Chester’s work the total drag was found to be considerably higher since the 
magnetic field remains constant in the region where the velocities are large. 

If one thinks of a series of experiments similar to the ones verifying Stoke’s 
analysis, but with permanently magnetized spheres, it is obvious that the effect 
of high Hartmann numbers will be to increase the maximum allowable radius for 
which a sphere will reach a terminal velocity corresponding to a Reynolds 
number of order one, since the terminal velocity will be reduced by the action of 
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Figure 2. Variation of velocity along the axis of symmetry 
for VM = 0, 10, 25 and 50. 


the magnetic field. On the other hand, experimental verification of the present 
results seems to be rather difficult, because for a strong permanent magnetic field 
relatively large spheres are necessary, which is contrary to the requirement of 
small Reynolds numbers and therefore small dimensions. 

Figure 2 shows the effect of the magnetic field on the velocity. The magnetic 
field has a quite similar effect on the variation of velocity along an axis normal to 
the flow axis. The velocity gradients, and hence the viscous drag, are reduced by 
the magnetic field. This is accompanied by a reduction in pressure drag. It is 
interesting to note that within the numerical accuracy of this work, it was found 
that the drag due to the pressure forces equals half the drag due to the shear 
forces, as in the classical Stokes case. 
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REVIEWS 


Fluid Mechanics. By L. D. Lanpau and E. M. Lirsuirz. (Translated from 
the Russian by J. B. Sykes and W. H. Reid.) London: Pergamon Press, 
1959. 536 pp. £5 5s. 

It is always fascinating to learn how others see us and to hear their views 
of situations in which we are deeply involved; and no less fascinating in the 
scientific world than in human affairs. Pleasures of this kind on a small scale 
come often enough, when the writer of some paper refers to our published work 
and goes on to comment and to extend. It is a strong-minded man who can 
resist turning to that aspect of the paper first and seeing the paper largely in 
terms of its treatment, favourable or otherwise, of his own work. On a grand 
scale, opportunities of hearing a new view of our own subject by some outsider 
or detached observer are less common, which is a pity, because, quite apart 
from the sheer enjoyment it provides, there is no better way of stimulating 
fresh ideas and developments. 

The book under notice is just such a view of fluid mechanics. It is a compre- 
hensive account of the subject, covering everything from boundary layers to 
combustion, by two distinguished authors who are outsiders in two separate 
senses. In the first place, they are Russians. I realize that science, and fluid 
mechanics as much as any other branch, is international and belongs to no one 
nation. However, there is no doubt that science has developed inside U.S.S.R. 
and outside U.S.S.R. independently to a large extent. There have been impor- 
tant points of contact and interconnexion of the two streams, and it is unlikely 
that they will ever diverge, but a glance at the lists of references in a number 
of papers in either stream will show that points of contact are uncommon. The 
translation from the Russian of a comprehensive book on fluid mechanics— 
that is, on a subject which Western scientists feel they have brought to a high 
pitch of development—is therefore a notable event. While reading the book 
I have been noting continually that here Russian fluid dynamicists can teach 
us a trick or two. while there we seem to have done better than they have. 
Many of the points of comparison, such as that arising from the authors’ neat 
derivation of the relation between the lift on a wing and the circulation round 
it, are mainly of pedagogical interest, although others, such as their description 
of the velocity distribution near the point of separation of a laminar boundary 
layer, concern developments near the frontier of research; and all of them make 
reading the book a pleasure. 

The second respect in which the authors may be regarded as detached 
observers is that they are theoretical physicists; Landau, it is true, has made 
several original contributions to fluid mechanics, but it is by no means his 
primary field of interest. Fluid Mechanics is one of a set of nine volumes by 
the same authors, the whole set making up a Course of Theoretical Physics of 
remarkable completeness on both ‘modern’ and ‘classical’ physics. It is 
a staggering thought that two authors with primary interests elsewhere have 
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mastered the wide range of fluid mechanics presented to us. But it is the point 
of view which gives the book its distinctive flavour. The authors emphasize 
theory and analysis, naturally enough, and make little attempt to reproduce 
experimental data; the book is by theorists and for theorists. (It is perhaps 
the most serious criticism of the book that this tendency is carried too far, and 
that the authors are content too often with the airy remark that observation 
‘confirms’ their conclusions.) Also, as stated in the preface, they ‘have tried 
to develop as fully as possible all matters of physical interest, and to do so in 
such a way as to give the clearest possible picture of the phenomena and their 
interrelation. Accordingly, we discuss neither approximate methods of calcula 
tion in fluid mechanics, nor empirical theories devoid of physical significance’. 
This is a refreshing change from the usual style of book, and it is a tonic to see 
the subject laid out in beautifully pure form and shorn of all the useful excre- 
scences which, essential though they may be for practical ends, do conceal the 
fundamentals. By and large, the authors seem to me to have succeeded in their 
attempt to provide lucid analysis and physical understanding over the whole 
range of fluid mechanics, perhaps with different degrees of success in different 
parts of the subject, but with success none the less. Perhaps it reflects on the 
professionals of the subject that two ‘outsiders’ should have performed this 
service for us. Or are professionals handicapped by their knowledge of the 
vast detail of the subject? At all events, putting professional vanity aside, it 
seems to me that this book by Landau and Lifshitz ranks in importance as 
a comprehensive survey with Prandtl’s work The Essentials of Fluid Mechanics; 
which is high praise. 

In a book of this size and scope there are many points on which one might 
comment. I shall select here only a few which happen to be of particular interest 
to me and which may serve to convey a more detailed impression of the book. 

The first four chapters, each about 50 pages long, cover the more conventional 
aspects of flow of incompressible fluid, the titles being ‘Ideal fluids’, ‘ Viscous 
fluids’, ‘Turbulence’, and ‘Boundary layers’. The chapter on viscous flow is 
good, which surprised me since this subject does not always appeal to physicists. 
Beginners would not find it easy going, since the notion of a stress tensor, for 
instance, is taken for granted and the derivation of the relation between stress 
and rate of strain is not really adequate (chiefly through omission of analysis 
of the relative motion in the neighbourhood of a point). Once these pre- 
liminaries are over, the authors treat a wide range of problems, the selection of 
which sometimes seems strange (for example, in the inclusion of the viscosity 
of suspensions but not of lubrication theory) although always stimulating. 
I was especially impressed with the way in which the neat vector proof of 
Stokes’s law for the drag on a sphere is exploited in a wide variety of conditions; 
the same kind of mathematical argument is employed for a liquid sphere of 
arbitrary density and viscosity, for two (slowly) rotating concentric spheres, 
and for a sphere executing either translatory or rotary oscillations. Here and 
elsewhere I formed the impression, from the density of references to Russian 
papers (mostly given in the cryptic style “Smithoff 1950’, with no hint about 


the journal concerned), that problems involving small-scale viscous flow, 
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perhaps with an interface between two fluids or with temperature variations, 
of the kind encountered in chemical engineering, have been treated extensively 
in U.S.S.R. On the other hand, the otherwise excellent account of oscillatory 
viscous flow lacks any reference at all to the interesting phenomenon of secon- 
dary streaming. 

The account of hydrodynamic stability is a little superficial, and seemed to 
me to be dominated unduly by Landau’s own very original paper on the onset of 
turbulence. The authors have some interesting things to say about the relation 
between instability and transition to turbulence, but the why and how of 
instability for parallel flow is mostly lacking. Unless this happens to be a 
personal blind-spot of the authors, Russian work on instability is not well 
advanced. The discussion of turbulence is written with insight, as one would 
expect from fellow countrymen of Kolmogoroff and Obukoff, although to 
Western eyes it seems a rather partial and incomplete picture. All that is given 
on the decay of isotropic turbulence, for instance, is Kolmogoroff’s deduction 
in 1941 from a similarity assumption and from Loitsianski’s ‘invariant’ (now 
known not to be invariant, although the book may have been written in 
Russian before this finding) that the energy decays as t~!°"; this was not one of 
Kolmogoroff’s inspired results, and in any event it runs counter to a good deal 
of experimental work published since 1941. The discussion of turbulent jets, 
wakes and boundary layers is clear and concise, and relies for the most part on 
similarity arguments for the deduction of the dependence of width and mean 
velocity on distance downstream. 

There follow three shorter chapters on ‘Thermal conduction in fluids’, 
‘ Diffusion’, and ‘Surface phenomena’, in which, as one might expect from such 
authors, thermodynamical considerations are exploited fully. The chapter en 
thermal conduction (which goes further than the title suggests and considers 
heat transfer and free convection) is particularly good in this respect. Most of 
the remaining chapters are concerned with the flow of a compressible fluid, 
beginning with a long chapter on ‘Sound’ which is a clearer and more searching 
account of that subject, within a single chapter, than any I have read. The 
evident ease with which the authors use the general principles and ideas of 
theoretical physics here shows to advantage. There is an excellent analysis of 
the emission of sound by oscillating bodies, although no mention of the genera- 
tion of sound by fluctuations in the fluid velocity alone; nor is the scattering of 
sound by random non-uniformity of the medium included, which is more 
surprising in view of the known interest of Soviet scientists in this problem. 

The chapters on ‘Shock waves’, ‘One-dimensional gas flow’, ‘The inter- 
section of surfaces of discontinuity’, “Two-dimensional gas flow’ and ‘Flow 
past finite bodies’ are not ones which I feel able to assess critically, but my 
impression is that they are written even more expertly than the earlier chapters, 
despite the authors’ reliance mostly on Russian work. The remaining chapters 
are ‘Fluid dynamics of combustion’, short but penetrating and written with an 
evident understanding of the physical and chemical aspects, and then three 
topics not usually included in a treatise on fluid mechanics, ‘Relativistic fluid 
dynamics’, ‘ Dynamics of super-fluids’ (with no- mention of the idea of quantized 
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circulation in helium 11, which I had thought was part of the lingua franca of 
low-temperature physicists), and ‘Fluctuations in fluid dynamics’. 

There are of course a number of omissions, which to me at least seem odd. 
Surface waves provide the simplest and most tangible example of dispersive 
wave motion, as well as being the basis of a number of interesting phenomena 
in oceanography, but are given only eight pages in which the dispersive effect 
is not mentioned. Rotating fluids, cavitation, and, most surprising of all, 
magneto-hydrodynamics, are also overlooked (or is the latter topic to be 
treated in another volume?). But these and other omissions are pardonable, 
and come to mind only because the book has come so close to being a complete 
survey. There are blind-spots in the topics which are included, and several 
results which in Western circles would be regarded as well known and important 
are not given; evidently these two authors are no better informed about Euro- 
pean and American work than we are about Soviet work. The blind-spots 
matter little, since we can fill in that part ourselves, and are at least equalized 
in number by the results and points of view which to us are new. Clearly, an 
essential preliminary to consideration of some problem or to preparation of a 
lecture in the future will be to see what Landau and Lifshitz have to say about 
the matter. It will be many years before I exhaust the supply of informatica 
in the numerous ‘ problems’, complete with solutions (and having much more the 
character of a subsidiary investigation than of an exercise), given at the ends 
of sections. The whole work is very impressive, and will certainly have a good 
influence on future writing on fluid mechanics. The authority of these two 
authors may also lead theoretical physicists to do as they have done, and 


master the subject for the sake of its intrinsic interest. CG. K. BATCHELOR 


Hypersonic Flow Theory. By Watiace D. Hayesand Ronaxp F. PROBSTEIN. 
New York: Academic Press, 1959. 464 pp. $11.50. 


Of the 280-odd references cited in this book, only fifty appeared before 1950 


(although one of the most important is dated 1729). This is no indication of 


faulty scholarship, but confirmation that the pace of aerodynamic research, 
which was almost leisurely in the good old incompressible days, became brisk 
in the transonic and supersonic age, and downright frantic in the hypersonic 
decade. Thus a subject which was unnamed in 1945 is now properly termed 
classical. In the current scramble for outer space one may wonder whether, 
together with its companion, transonic flow, it is also becoming obsolete: 
but one missile engineer has solemnly assured the reviewer that it will always 
be necessary to fly through the hypersonic range. 

Other books on hypersonic flow are appearing in both English and Russian. 
It is pleasant to record that the first of them is a distinguished work, and in 
many ways an exemplary one. It is devoted to the fundamentals of the theory, 
rather than applications, as treated from the point of view of continuum fluid 
mechanics. High-temperature gas dynamics is largely excluded, as is magneto- 


hydrodynamics. Inviscid flows are considered in the first two-thirds of the 
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book, and viscous effects (interpreted broadly to include diffusion and chemical 
reactions) in the remainder. 

Every page bears evidence of careful writing and revision, in contrast to too 
many recent works in fluid mechanics which have been assembled with scissors 
and paste. The effort to co-ordinate and classify is seen, for example, in the first 
chapter on general considerations, where five different assumptions underlying 
inviscid hypersonic theory are labelled and discussed. The style is generally clear 
and literate, studded only occasionally with over-enthusiasms (“no tremendous 
distinction’, ‘the skin-friction is also of extreme importance’). 

An important feature is the conscientious coverage of Russian literature, 
which is seen to good advantage in the introductory pages to the second chapter, 
on small-disturbance theory. That theory is deduced (and generalized) following 
Hayes’s original analogy with unsteady flow in one less space dimension, which 
to the reviewer still seems less satisfactory than the straightforward perturba- 
tion analysis. Among the examples is a useful resumé of Sedov’s analytical 
solution for the point explosion. The treatment of other self-similar solutions is 
deficient by contrast. 

The authors’ individualism is most marked in the chapter on Newtonian 
theory. It opens with an appreciation showing that Newton’s ideas, though 
based on what now seems a crude model, when translated into modern termi- 
nology foreshadow such concepts as Mach modelling and the hypersonic inde- 
pendence principle. A spirited defence is made of the study of Newtonian theory 
despite its inaccuracy and its curious anomalies. It is well known that the mass 
filling a volume is concentrated into a sheet covering the body surface. Here a 
second condensation into a line is pointed out, and finally, in unsteady motion, 
a threefold condensation on to a Newtonian shock point. Although these 
phenomena are admittedly unrealistic, it is suggested that their vestiges may 
persist in actual flows. Original results abound in the discussion of optimum 
shapes and of three-dimensional phenomena. The reader may wonder whether 
this difficult subject has been clarified by the introduction of three different 
conceptual models. 

The notorious blunt-body problem is attacked in three successive chapters. 
First, the straightforward approximation of constant density is applied to the 
cone, circle, and sphere, and related to other methods. There follows a rather 
difficult and in some respects disappointing discussion of the theory of thin 
shock layers. Finally, a variety of other methods, mainly numerical, is discussed. 
In connexion with Belotserkovskii’s scheme it may be remarked that his 
mysterious line of singular points is definitely not the sonic line, but lies down- 
stream of it. 

The indispensable numerical method of characteristics is outlined with 
admirable conciseness and clarity for flows that are either frozen or in thermo- 
dynamic equilibrium. A succinct explanation is found for the fact that taking 
pressure and stream angle as dependent variables yields by far the simplest 
formulation. The shock-expansion approximation, though almost equally useful, 
rests on shaky foundations, and some effort is devoted to surveying and 
extending the repeated attempts to account for its astonishing accuracy at high 
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speeds. Still lower in the hierarchy are the frankly empirical tangent-wedge and 
tangent-cone methods; here a correction is proposed in the case of large density 
ratios across the shock wave. 

Viscous flows are introduced with a chapter on boundary layers (mainly 
laminar) assumed again to be either frozen or in thermodynamic equilibrium. 
Self-similar solutions play a predominant role and, because diffusion is im- 
portant in a dissociating gas, the familiar simplifying assumptions of unit 
Prandtl number or viscosity proportional to temperature are now often supple- 
mented by the supposition that the Lewis-Semenov number is one. 

The authors several times employ the useful device of introducing a new 
phenomenon with a simplified model which displays the essential features. Thus 
the pressure interaction associated with the streamline deflexion due to the 
boundary layer is clearly illustrated for both extremes of weak and strong inter- 
action by using qualitative estimates of boundary-layer thickness together with 
the tangent-wedge approximation. They then proceed to refine the analysis 
using accurate boundary-layer theory. Surprisingly, however, they retain the 
tangent-wedge approximation rather than adopt the logically unassailable self- 
similar small-disturbance solutions; this seems to violate their avowed aim of 
avoiding empirical approaches. A second type of viscous interaction is con- 
sidered more briefly, in which the external vorticity engendered by the bow 
wave interacts with the boundary layer. It is too much to expect that a 
pioneering work like this one should be altogether free of conceptual errors, and 
here it appears that a recent dispute regarding the proper outer boundary 
condition to be imposed has been resolved incorrectly. As a consequence, 
the extra skin friction induced by external vorticity is probably seriously 
underestimated. 

The final chapter treats free-molecule and rarefied-gas flows. A survey of 
general features opens with the warning that the concept of Knudsen number 
must be applied in context, and closes with a perhaps controversial classification 
of the spectrum between inviscid and free-molecule flows into no fewer than 
seven categories. An attempt is made to penetrate the first four or five of these 
using continuum theory, together with an imposing assortment of approxima- 
tions, for the vicinity of the stagnation streamline on a blunt plane or axi- 
symmetric body. Finally, free-molecule flow is surveyed, with emphasis on 
its similitude properties. 

The book is magnificently indexed. In addition to a comprehensive subject 
index there is a detailed list of symbols with reference to their first appearance, 
and a similar list for authors. Finally there are the 280 references mentioned at 
the outset. Although the authors naturally disclaim any attempt at complete- 
ness, they have provided a splendid basic bibliography of the literature of 
hypersonic flow theory up almost to the month of publication, including all 
available Russian work. 

This is in some parts a difficult book to read, it certainly contains errors yet 
undiscovered, and time will show that its emphasis is sometimes misplaced. 
But it is original, scholarly, and authoritative, and is certain to remain a 
standard reference in the literature of fluid mechanics. 


Mitton VAN DYKE 
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